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140 Adxeto Teptoteplov
ZUvVaPTIOELS

H évvora thg ovvdptnong, wg éxkppacn piag EapTnons avaueca o
000 GUYKEKPIUEVES TOGCOTNTES, EUPAVICETOL M’ Evav DTOVOOUUEVO
TPOmo 10 amé Ty apyaiétnta. Eva yoparxtypictikée mapdociyua
amoTeAOVY 01 mivakeg yopoav g “Alpayéctng”, tov 'Eilnva
Halnuatikov Kol acTPovouov t™s aielovopiviic mwepiodov Kiavoiov
Hlrolepuaiov. Xty pia 6THAN AOVTOV TOV TIVIKOV DTAPYOVY TA UHKH
TOV T0EOV EVOS KUKAOD Kol GTHY dAl Ta UNKN TOV OVTICTOLY®V
X0POOV. XPpHOGIUOTOIOVTAS TNV EVVOIA TOV HUITOVOD GTOV HOVAOLAio
KUKAO UTOPOVUE VA EKPPAGOVUE AVAAVTIKA TH “covdpTi-on” TV
avakwv tov Iltolsuaiov wg e&nfg:

40pd1f TéEov (X)= AB=2AM = 21“1% .

Mg 7Tov id10 vmOVOODUEVO TPOTMO B Evvola THG OVVAPTHONG
eu@aviletal 6Tovs L0YaplOuIKovS TIVAKES IOV KATAGCKEVAGTKAY GTIS
apyés tov 1700 aiodva.

Ta yeyovota mov é0woay amopacicTikl @Onony oty avdrtoln THe
évvolag TG ovvdpTHenS nTav n onuiovpyia tng Alyefpas (xpron
YPAUUATOV Kol EIOIKOV GOUPOLOY pld  THY  OVARAPAGTACH
Habnuatikov zmpdalewv, ocyécemv, aAYVOGTOV K.AT.) KAl THG
oavalVTIKIG YewuETpiag (ypion tov alyefipikod ocvufoiicuod oc
yeueTpikd npofiuara). O Descartes, cto épyo tov “La Geometrie”
(1637), mapoveialovras Ty ué0odo mpocdlopicuov uiag KAumTviNg
ano upia elicwon w¢ mpog x kar y (ta omoia exppdalovv tTa
EVOVYpouna TUNUOTA-COVTETAYUEVES TWV CHUEIWY THS KAUTVANG),
mEPIEYPAWE Yl TPOTH QOPA TH OVVATOTNHTA
oOVOLVTIKIG aVOTAPAGTOCNG H10G oxéong
eéapTnons avducoa 6& HETAPINTESC TOGCOTHTES:

“Av Aoimdv mwapoovue dr1adoyikd éva drsipo mwingbog
OlOQPOPETIKADY TIUOV Ylo. TO TUNHA Yy TOoTE O | ———-
mPOKVYEL Eva dmelpo Ti0os TIHOY YLo TO TUIHA X y
Kal EMOUEVOIS ULO ATEIPIA OLAPOPETIKOV CHUEIWY,

ue ™y Pfonbeia twv omoiwv umopei va cyedroctei )
{nrovuevy koumvin”.

O opog “ovvaptnon” (amd to AaTIViKO pijua fungor, TOv GCHUAIVEL
EKTEAD, ALITOVPY®) cupavieTnke yia m#poTy @opd to 1673 o’ éva
xepoypapo tov Leibniz ue titio “H avtictpoon uébodos twv
spantouévov § wepli ocovaptiocewv” (Methodus tangentium inversa,
seu de functionibus), oto omoio &lerdlerar o vmoloyicuiés TV
TETAYUEVOV Y TOV CHUEIOV UIAS KOUTTVANGS OTAY €ival YvwoTi] KATolo
1010TNTA TV avrictolywv epantouévov. O 0pos avtog dpyice va
OTOKTA 07O &EKeIvy TRV Emoyny upia 101aitepny onuacia yio THY
OVOATAPAGTACH TOGCOTHTWOV TOV EEAPTOVTAL ATO AALES UETAPINTES
TOGOTNTES, 1010ITEPA OTAV N £EAPTNGN AVTI] UTOPEL vo TAPEL TN
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Hopon uiag avaivtikns éxkppacns. O J. Bernoulli édwaoe to 1718 Tov
ETTOUEVO YEVIKO OPIGUO:

“Ovoudlw cvvaptnon evog puetoffintov ueyéfovs uia mocoTHTE OV
CYNUATICETAL HE OTOL0OHTOTE TPOMO AT AVTO TO UETAPAINTO uéyebog
Kal ano otalfepéc”.

H mapanépa e6élién tng évvoiag ths ovvdpTnons mponile kvpiwg
amo ™Y mTPocmaleia HaOnuaTIKIG EPUNVEIAS PVCIKOV TPOBINUATOV,
OTTWS Y. TO TPOPANUA ULAS TOLLOUEVHS YOPONHS, CTEPEMUEVHS GTA
ovo akpa THG. X’ avTo TO TPOPINuaG, TOV ATACYOAINGE 101AITEPA TOVS
EMGTHUOVES 6T JldpKkeLla Tov 180v aidva, {nteital va npocdiopioTel
uia covaptnon s poperns Y= f(x,t) mov mepiypaper o oxfjuo s
X0pONs ce pia oedouévy ypoviky otiyun t. To &idog ouws twv
oVVAPTIIGEWY TOV VTELGEPYOVTAL 6 avTé TO (NjTHMA &Eival TOGO
YEVIKO, WOV OaVAYKOAGE TOVS HaOnuatikovs va avabeswpricovv Ty
Kabiepouévy avtilnyy ot kdbe oovvdptoeny tavTileTal ue uia
aAVOaAVTIKY EKQPPach Kal va ovalyTHoovy YEVIKOTEPOVS 0picuovs. O L.
Euler, 110y andé 1o 1755 orardnwoe éva tét010 0pIOUD, OTTALLAYUEVO
aTTO TNV AUEGH AVAPOPd GTNY EVVOLD TNGS “OVALVTIKHG EKQPacns”.

“Av Kamo1ES TOGOTNTES £EAPTAVTOL ATO GLLES TOGCOTHTEG UE TETOLO
TPOTO oTE, OTAY 01 TEAEVTAIES Alidlovy coufaivel To idlo Kal ue TIg
APADTES, TOTE 01 APATES OVOUALOVTAL GCUVAPTHOELS TOV TELEVTAIWY.
AvTOS 0 oprouds givair moiv svpivs kol mepriopufavel kabe uébodo us
™V omoia uia mOGOTHTO 00 UTOPOVGE Vo TPOGILOPIGTEL ATO AALES.
Av 201mOV TO X VIWOONAOVEL HIO UETAPANTI] TOGOTHTA, TOTE OAES O1
m0GOTNTES MOV EEAPTOVTAL ATO TO X HE OMOLOONTOTE TPOTMO 1
mpocdlopilovral awd avTd, ovoudlovral coVAPTHGELS TOV X 7.

01 véeg avtés avtiAnyels oonynoov fabuiaio otnv Evvoio THGS
ocVVAPTHOoNS WS avBaipeTns avrioTolyias avaueoa 6To oTolysia ovo
GVOVOAWY, OV O0&v akoiovlei vmoypewtind kdmoio “vouo”. O J.
Fourier, to 1822, esmioniuave pnra oavto to onucio ue tnv &CHg
mapazripnon: “Ievikd, n ocvvaptyon f(X) mapierdver pia dradoyin
TIUOY 1] TETAYUEVOY, Kaleguld amd Tig omoieg eivar avBaipetn. Av
oolci pio armepio Twdv oTnv tETUNUEVY X, Oa vmdpyovv icov
alijlovs terayuéves f(X). 0leg éxovv mpayuatrikés apiBuntixés
TINEG, OcTIiKéS 1 apvyTikéS 1 unoév. Aev mpoimolétovue 0TI avTéS 01
TETAYUEVES VRTOKEIVTAL G’ EVA KOIVO VOUO OLAOEXOVTAL | H1A TNV AN
HE 00100 TTOTE TPOMO KAl KabOeguid omd ovtés Jdivetar cov va nfTav
Hla povaoiky mocotnTa”.
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Leonard Euler (Basiigia 1707 —Ayia Hetpovmoin 1783)

O EJfetoc pabnuanikés Leonard Euler givar évag
OO TOVS UEYAIVTEPOVS HOONUATIKODS 0LV TV
EMOYAV. Ay VITAPYEL TOUEAS TV UOONUATIKDY GTOV
omoio va unv gupavidetar to ovoud tov. Ocwpeitor
Osuciiortijc TWY KaBopay HaOnuatikov.
AcyoiOnke kvpiwg ue tyy Avdiven, tTyy Avalvtiki
T'swuetpia, ™ Ocwpio Apibuwvv, to Aiapopiko
Aoyioud, ™ Myyavikyp ko Ty Evkleideia
T'swuetpia.

Ymijpée pablnris oo J.Bernoulli ero Ilavemoriuio
s Baouigios kat ws véog epydotnre oty Ayia
Iletpovmoin uadi ue rovg Nicola xkar Daniel, yrovg rov
J. Bernoulli. Zra 1741 o Frederic |l tyc Ipwaoiag tov mpockaiei oty Axadnuio
tov Emoetyuov tov Bepolivov omov o Euler mapoveidler ovveyds oidpopes
ONUOGIEVGEIS 0TS emions Kat oty Axadnuio tov Hapiciov. Xty Aolavy to 1748
onuoacicver Ty “Eicaywyny otyv Avaloen” (Introductio in analysin infinitorum) xax
70 1755 onuoacicvel tig “Apyés tov Arapopixov Aoyicuov”

2ta 1766 o Euler emictpéper otnv Ayia Iletpobmoln kor tomobeteitar ¢
kaOnyntic oty Axaonuio. Iloapd to pueydlo mpofiiuoto 6poacis mov &ixe oev
OTOUATE, VA EPYALETAl Kal TOPOVGLILEL T HEYAAN HEAETH TOO  Yla TOV
oloxinpwtiké loyieud to 1769.

Kaza tn diaprera tov 1800 audva, § avdiven emektdOnKe moAD Kol yp1cIHOTOIEITO
KVpiws Yo T TPOPIeY THS UNYOAVIKHGS COUTEPIPOPUS TV AVTIKEIUEVMIV.

O Euler avértvle moliés teyvikés mov Oa ypyoyonolovee apystepa o Cauchy kar o
Lagrange. ‘Hrav n kpiciun uetofatiki mpocomikoTyTo AVAUECO GTIS ATOWELS TOV
18° ka1 19°° oucdva. Hrav avtoés mov mpidtos é0sce onuocia to (itnuo tis
Ocuciioons Tov pabnuoatik@v kol TOIAES TEYVIKEG TOUL ypnoluomonjinkay
arotelecuatikd ano tov Cauchy. «H avdiven tov armcipovy &vag KOOGS TV
Halnuatik@v mov ovoudotnke étror amd tov Euler sumepiciye Ty edpeon
a60poicUdTWY AREIPOV GEPAOY KAl THY UETATPOTY TOVS ATTO HIA HOPPH G pia diin
KaBws emions Kol THY EUPEGH TWYV O0PIWV ATEPOYV PIVOUEVOV KAl GOVEYDY
KlaGudTOVY.

INTRODUCTIO o Euler, Eypaye Eva TepacTio apiBuo ﬂtﬂltw'v ka1 aplpwv
IN ANALTSIN apowlaovras T véa oavdiven, opyavaovovrag TV,
INFINITORUM. Oérovrag v oc tomki fdon. O meproodTEPOL OO TOVS

bR ibs bitnG RPOKATOYOVS TOV Oewpoboay TOV OlAPOPIKO AOYIGUO
e e Ocuévo molv ue Ty yewuetpia alid o Euler uetétpeye to
-_— ovTikeiuevo o€ Tomikiy Oswpio cvvaptijcewy B omoia dev
— = Elye Kapio ovdaykn vo ovaTpéyel o€ Oloypouuarta § o<
Ry e, yeouetpikés avrnqyels. ‘Hrav o mpotos mov é0csoe oe
¢ 1,, > e€éyovoa Oéon Ty Evvola THS GOVAPTHGHS KOl HEAETHOE
N CUGTHUOTIKG KOl KATHYOPIOTOINGE OAES TIS GTOLYEIDOELS
ovvoptiicels  pali  pe  TIC TWAPAYDYOVS KOl TA
0LOKANPAOUATA TOVS
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Zrov Euler opeiletal 0 t6mog €7 = covz +inuz, Yla KaOs pryadiké 1, mov covois Tic
TPIYOVOUETPIKES GVV KAl W, HE TNV EKOETIKY GUVAPTHON KOl TOV QOAVTOGTIKO
ap1uo i. Zrov Euler dliworte opeiletar kat to idio to abufoio | (amé tnyv yailiki
2é&n imaginaire) kafwc kar To cbufolo € (aroé to apyiko Ypauuac TOL OVOUATOS
TOV).

IIedio opropov

1. Na Bpeite ta nedia opiopod T@V GUVAPTAGEOV :

a) f(X)=v1-x1+x B) g(X)=v5-X++/x-5
h(x) = & S

) h(x) = ) c(X) NRCET]

g) d(X)=+3—+1-x 61) k(X)=In(l+InXx)

0) 1(x) =yx++/2x-1 1) m(x):«S/In(Z—x)

V1+Xx%, X<A?+50

2. Aivetarm oyéon f(x)= . Na Bpeite 11¢ TIpéG TOL OKEPOiOV
xIn(x* +1), x=>31

A, yio 116 omoieg 1 T eivan cuvaptmon.

X

e’+1
3. Aiverar n cuvaptnon f(X) = 3 . Na Bpeite t1g Tipég ov A e R, yio 11g

X2 —4rx + 4
omoieg n T éyer medio opicpovd 0 R .

I'pagwi] Tapaotacn

4. No 6edl00ETE TN YPAPIKT TOPAGTOON TNG SVVAPTNOTG :
X, ov 0<x<3
f(x)= 1, av —1<x<0
X—2, av —3<x<-1

5. No oyed1006eTe TIC YPUPIKES TOPUCTAGELS TMV GLVUPTHCEDV :

a) f(x)=v-x B) 9(x)=+/Ix| ) h(x) =[x -1| +2
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Ynpeia Topng pne Tovg dEoveg ,oyeTIKY 0£0m pe Tov Y

6. No mpocdiopicete To onueio TOUAS TOV YPAPIK®OV TOPACTACEDY e TOVE GEOVES
Y10 TG GUVOPTHCELG

o) 1‘(><)=X2;L_X3+6 B) f(X)=VX>+9 -/6x
7 f(X)=3 +31-3.2% 8) f(x)=1-2cuLvx

7. Av ot suvoptioelg T, g sivon tétoteg dote g(x) = f 2(x) =2 (X) + x> +3 Y10 kGe
xe R, va dei&ete 6TL 1 Ypopikn TopdoTaon TG g TéUvel tov Betikd nua&ova Oy.

8. Ailvetonn cvvapmnon f :R—R yio v onoia woydet:
f3(x)—2f2(x)+5f (x) =—e* —€e* , y10 k60e X € R .No. anodeiete 6tim C,

Bpioketor kGt and Tov dEova X X.

2f2(x)-3f 1
(-3 +1
X°—3x+4

kd0e xeR . Na dei&ete 6T 1 Cy givon méve amd tov dEova 'y -

9.’Eoto n ovvaptmon f : R — Rkotn cvvépton g(x) =

Ynueio Tops ,o1ETIKN 061 YPOPIKAV TOPUGTAGEOV GUVAPTI|CEDY
10. No Bpeite 0 didoTna 6T0 0010 1| YPOPIKY TAPAGTAGT THG GLVAPTNONG
f(x)=x*+2x—-4, PBpioketon TGve amd T YPOPIKT TOPESTOCT TNG

ouvépmong g(X)=x*+x+2.

11. No Bpeite 10 nedio opiopod A g ovvaptnong f(X) =n(x—2)+(n(x+2)

ka0mg emiong Ko ta X € A yio ta onoia 1) kapmddn Y=F(X) Bpioketon mévm omod
mv evbeio y=In5 .

12. Aivovtai ot suvaptficelg f,g: R — R, yio t1g omoieg woyvet:
f(X)+1=g(x)+e*, xe R . Na Bpeite ™ oyetikn 0¢éom TV ypopikdv

TOPACTACEDY TV GLVOPTNGE®V f,g.

13. Aivovtar ot cuvaptioeg f(X) =X +4x° +4x+1,g(X) = 2x* +5x+3.

o) Na Bpeite dwwotipota ota omoio 1 Cr elvan «mdven omd ) Cqy;
Noa Bpeite ta kowd onueio twv Cr ko Cq ko vo. amodsifete 0Tt elvon Kopveé
g
Tpry®@vov pe euPfadov E = 6t.pu.
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IoeétnTo Xvvaptiocewv

14. Na e€etdoete o€ TOlEC Ad TIC TAPUKATO TEPTT®OELS eivon = g.X11g
TEPITTMGELG OV givar T # g va mpocdiopicete 10 uphiTePo dUVOTO VITOGHVOAO TOV
R o710 omoio woyvet T (X) = g(x).

@) f(X)—i Kot g(x):ezx—
e X

B) f(x )——4 kg =1+
-2]x] [X]

=2 kg0 =x -3

J_+3
J__

15. Na Bpeite ta draotipoTe 6To 0moio eivol i6£g 01 TOPAUKATO GLVAPTAGELS.
a) f(X)=In(x+2)+In(2-x) kot g(x)=In(4—x%)

8) f(x)= ke g() =3+ Yx +1

B) f(x)=In(x+1)—In(x-1) kar g(x)= |n§_+1

1) f(X)=2In(x-3) ko g(x)=In(x—3)?

2
16. Na Bpeite 10 a,Be R, dote ot svuvaptioeig f(X) = X —oX J;B <o
X—o+
2
X" — -Dx+200—3
9(x) = (axp-ix+ 20 va gtvar {oeg.
X+B-1

pa&eg ovvapTioe®V

2

-9 x-1
17. Aivovtai ot cuvaptioeg f(x) = X 5 kot g(X) = ———— Na Bpeite t1g

x> —x—6
. f
ovvaptoerg: f+g f-g ,a

18. Atvovton o1 cuvapthceig f(X) =X —Lxo g(X)=+/6— X .Na opicete Tig

ovvaptioeg f+g,f-g.f-g, é,%
x-=1, xe€[0,2 Xx+2,xe[-1,1
19. Eoto f(X)= €02 geo=) X 2xelt
=X, xe€(2,4] 2x—4,xe(1,3]
No optotovv ot cuvapticelg: a) T +g B) f-g

6
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1, xe[-2,0] )
2, xe(0,2] " g(x)_{

Na optotodv ot cuvoptioes: a) f+g

0,xe[-3,-1]

20. Ecto f(X):{ 3,xe(-11]

p) f-g
21. "Eoto ot cuvaptioeis f, g pe medio opiopov éva chvoro A < R yia 11 omoieg
et f(X)-[F(X)+9(x)—4]<g(X)[f(x)—g(x)+4]-8ya kébe xe A. Na

amodeyybel ot f =g.

22. Av ot cuvaptioelg T kat g £xovv medio opiopod o R kot Vx e R 1oyvet:
4x* +3f2(x)—2f (X)g(X) +g°(X) =4x f(X)+ f?(X) va omoderydei 6Tt f =g

YovOeon cuvapTi|cEMV

23. Na Bpebei n ovvbeon fog , gof Tov cuvaptioewy :
a) f(X)=x+3,x €[0,2] , O(X)=-X+2[-2,2]

B -2 90 =x

) f () =nux , 9O)=V9-X’
X—2,x>1

6) f(X) ={ Cxed , g(X)=4x +2

g) f(X)=v-x+2 , g(X)=Vx* -1

24. Av f(x)= x=3 vo, vrohoyioBei  fof.
X

x?+3, —-1<x<1
Kot
3x+1 1<x<10

1 ovvapton fog.

.Noa Bpeite

25. Eoto f(x):{ g(x):{\/?—Z, 0<x<4

X+3, 4<x<7

Amocvvleon cuvopTieE®V

26. Na Bpeite cuvaptnon f 160100 dote va ioydet:

a) (fog)(x)=x%4x ,yukibexeR xau g(X)=x+4
B) (fFog)(x)= V1+x® ,yuké@ex>-1 ko g(x)=—x

D g0 =1*  axifex> -1
1+X

g(x) = (n(x+1)
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27. No Bpeite cuvaptnon g yio v onoia woydet:
o) (feg)(x)=x+x xa f(x)=x-1
B) (f-g
) (feg
8 (fog

(

)(x)=e*+xovvx ko f(x)=x+1
)(x)=2x+1 wou f(x)=Inx, x>0
(%)=

)(x

Xx+8 xka f(x)=e"
IIedio opropov cHVOETOV cVVUPTGEMY

28. Aivetaw n ovvaptnon f e nedio opiopon 1o didoTnua [0,1] Iloto glvan to Tedio
OPLGLLOV TWV CUVOPTHGEMV:
a) f(x*) By f(x-4) ) f(Inx)
29.Eoto fovvaptnon pe medio optopov 1o didotnpo [5,8]. No Bpeite to medio

optopod g ovvaptnong g(x)=f(x+8)— f (9 - X2)

30. Av 10 1edio optopov g cvvaptnong f(X) eivar To [1, 4] ,10TE va Ppeite to medio
opiopov g ovvaptong: h(x) = f(x=1)+ f (x+3).

20vapPTCLOKEG OYECELS

31. Atveraw cuvéptnon f iR — R, yia mv onola wyver: f (x+y)=f(x)-f(y),
v kéOe X,y € R No anodeilete ot
a) f(0)=0 B) f 4pria 7 f(x=y)=f(x)-f(y), x,yeR

8) n f eivar otabepn| cuvaptnon

32. Atvetar n ouvéptnon f:R* — R", yio v omoia 1oydet:
f(xy)=f(X)f(y)+xy—1 710 xébe X,y € R". Na amodeitete ot

@ f)=1 P f(ljzi, xeR ) f(f}ﬂ+5—1, Xy € R’
x) (%) y) f(y) vy
33. Na Bpeite ouvapmnon f:R— R o1ig nopakdto tepmntdoeis:
0 2f(0+fG=x=2x B 2f(x)+f(1j=£,XER*.
X X
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34. Na Bpeite cuvaptnon f iR — R 611¢ T0paKGTO TEPUTTOOEL:
a) 2f(X)+4f(—x) =covx—mux, xe R B) f(x)+3f (1j=§+2x, xeR".
X X

35. Aivetat ouvéptnon f R — R, yia v onoia woyder: f(x+1) <e* <ef (x), ya
KéOe xeR.

o) Noa Bpeite tov tomo g f B) Na yiver n ypapikn mapdotacn g f.

36. Aivetar mepurth ovvaptmon f iR — R, ywa v onoio woybdet

x> f(X) > x*nux+ X, xe R . Na peite tov tomo g f.

37."Eotw ovuvapton f:R—>R ,yia mv onoia woyder 6t f (5) <Inx< f(x)-1yw
e

kabe X>0.
o) No Bpeite v f.

B) Na Bpeite ta onpeia Topng mg C, pe toug dEovec.
v) Na yiver n ypaopikn mapdotacn g f.
Movotovio. ZovapTice®y

MovoTtovia cuvapTnong pe yvooetoé tomo

38. No peletnoete og TPOG TN LOVOTOVIaL TIG TTPUKAT®D GUVOPTHOELS

o) f(x)=2-Inx B) f(X)=Vx-1+2/x  y)f(x)=e*+e* -1

8) f(x)=e g) f(x)=x%-2x o1) f(X)=x* —6x+8
x-3 2

C)f(X)—E n)f(x)_x2+1

39. Na anodeitete 611 01 TOPAKATO GLVAPTAGELS £ival yvnoimg avéovoec oto R .

—x?+3x, x<0 x*+3,x>0
o f X) = ' f X) = >
) 1) {2X+x2, x>0 B 1) {ex+1,x£0
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OeopNTIKES

40. Aivovtau o1 cuvaptioels f, g opiopévec oto R, o1 omoieg etvan yvnoimg povotoveg
Ko €govv 1o 1010 €id0g povotoviag (glvar kot o1 600 yvnoing abE0VCEG 1] Kot o1
dvo yvnoing ebivovssq).

a) No dei&ete 6T1 1 ouvaptnon gof eivar yvnoimg av&ovoa.
B) Na e€etdoete ) povotovia tov cvvaptioswv fof kot gog.
7) Na e€etdoete T povotovia g cuvapmong f(x) =In(Inx),x >1 .

41.Ecto f yvnoing avéovoa cuvaptnon .No amodeitete 0Tt :
a) Hovvapmon —f eivor yvnoing pdivovoa
B) H ovvapmon kf eivar yvnoiog avéovoa av k >0 xat yvnoimg edivovsa av

k<0 .
v) H cuvapmon f +k eivar yynoiog adéovoa ,0movk e R .

3) Av f(x)>0 1618 n cvvapmon f? eivar yvnoimg ovéovoa

1
42. Eotw ovvaptnon f R — Ryl v omoia ioydet o1t | f(x)—f (x2)| < E'Xl - x2|
v KGOe X, X, € R pe X, # X,. Na amodeiete Ot1 -

@) 1 ovvapmon g(x)=f(x)- g givou yvnoimg pdivovoa 6to R .

X
B) n cuvépmon g(x)=f(x)+ > sivat yvnoing avéovoo 610 R.

43. Aivetar ovvaptnon f pe medio opiopod to (0,+OO) Yo TV omoio oyveL :
f (X)ef(X) =X 1w k4O X e(0,+). Na amodeitere 6Tt n f etvar yvnoiog

avéovoa .

44, Na anodeitete 611 dev vapyet 6to R yvnoiong avéovoo cuvaptmon f yuo vy
omoia vo 1oy0et 611 €+ 2x = X% 10 k@b X € (~90,0).

45. Na anodeitete 611 dev vapyet yvnoiong edivovoa cuvaptmon f:R — (0, +oo) o

mv onofa vo woydet 6ti: In f(X) =% —4x+1 Y10 k4be X €(2,+00).
Am66£1EN AVICOTITOV ILE HOVOTOVid

46. o) No amodeitete 6Tim ovvapton f(X) =cvvx—e* eivar yvnoiong @divovsa
oto (0,m)
B) Na anodeifete 6ty kabe o,Be(0,m) pe o <PBioydel otu

cvvo —cuvp>e* —ef .

10
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47. a) No amodeiéete 0Tim cvvaptnon f(X) =Inx+e* givar yvnoing adEovoo 6to
(0, +oo)

. . . o X
B) Na omodeifete 611 Y100 k6B X>3 1oyvet 611 €° —e* <In 3

48. Atvetarn ocvvapmon f(x)=x—-a*, xeR,ae(0,1).

o) No arodei&ete 6t 1 T elvan yvnoing avéovoa oto R.

3
B) No: Seitete 611y kabe X € (—1,0) woyder o —a* > x—x°
AVON AVIGCOGE®VY IUE POVOTOVIX

49. Eotw cvvéptnon f :R — Ryl mv omoia woyvet f° (x)+f (X) =X ywo KGOe
xeR.

o) No anodei&ete 61 1 T eivan yvnoing adéovoa.
B) No Moete v avicwon f (x?’) < f(3x-2)

50. Aiverat svuvéptnon f R — Ryl v omoia ioydet 6Tt
f2(x)+2f(x)=x>-2x* +5x -1 yu kéfe X R.

a) Na anodei&ete 60T 1 T elvar yynoiog avéovosa oto R
B) No Moete v avicwon f (X3 —1) > f(x-1).

51. 'Ectm ovvapmon f 1R — Ryt v omoia woyder 2 (X) +3f (X) = x+ 3710 k60
xelR.

o) No orodeilete 6t 1 T elvan ywnoing av&ovoa
B) No amodeitere o f (1)=1 xar f(-3)=0.
v) No ADGETE TIC TaPAKAT® OVICHGCELS:

i F(1(x*-2))> £ (f () ii. f(x)>0

i, f(x)<1 iv. f(f(x*)-4)<0

52. Aivetou n suvépmon f(x) =x* +5x+1, xeR.

o) No peretioete v f og mpog v povotovia
B) Na Mcete v avicoon f(f(x))>7.

53. Atvetan n cvvapmon  f(x)= a* —Inx, x>0 ke a€(0,1).

o) No deigete 6tL 1 T elvan yvnoimg @bivovoa o1o (0,+OO)

11
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X2+x+4

B) No Adoete v avicwon: o a9 < IN(x® + x+4) —In(x* +9)

54. Aivetan yvnoiong pbivovoa cuvaptnon f R —R. Na Aboete v avicwon
( fof )(x2 + x) <(fof )(x+1)

55. Atvetaun cuvéptnon f(x)=2x—-2+Inx.

a) Na Bpeite to medio opiopod g
B) Na e€etdoete v f og mpog T povotovia.
v) Na anodeitete 6t n e&iomon f (X) = 0 éye1 povadikn pilo.

8) No Avoete v avicwon f (X) >0.

56. Aivetar  ovvéptnon f yvnoiog adEovoa oto R kot yio v omoia 1oy0eL
F(X)+ f(y)= f(xy) ywxéBe x,yeR. Na AMcete v avicmon

f(3x—4)— f(x+2) > f(6x+4)— F(2x-1).

57. H f givar opiopévn oto R yio v omoia ioyder f(3—x)+ f(x+7)=0 yia kabe
X eR.Av nf givar yvnoing pbivovsa va Aboete
a) v e&iowon f(x)=0 B) v avicowon f(x*-3)<0

AxpoToTa

58. Na Bpeite 10 0kpOTOTO TV TOPAKATM CLVOPTHGEMV:
a) F(X)=x*-2x+3 B) f(x)=—x*+4x-5
7 f(X)=x*-4x*+3 8) f(x)=e* —2e*+2

59. Na Bpebei onueio g evbeiog €:y =X+ 2 0L 0mOioV TO GOpOIGUO TOV
TETPUYDOVOV TOV OTOGTAGEDY TOL atd ToVg GEoveg eivatl eELdyoTo.

60. Aivetar n suvaptnon f(X) = x> —Ax+2,4, xe R. Na Bpeite 10 A, dote 1 f vo
£xel eMdyioto 0 —2.

12
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Yuovaptiosigl-1
1 -1 Xvvaptnon pe yvooeté tTomo

61. Na eEetdoete av givor 1-1 ot mapakdtom cuveapTAcE :

@) f(x)=— B) F()=vX=2  y) f(x)=3C +2x+1
X“+1
8) f(x) =X &) f(x)=222 o1) f(x)=e2 —x
X2 +4 x+1
32 X+2
0 f(x)=e~ n f(X)ZInTZ
62. Na g&etdoete av givor 1-1 ot Tapakdtm cuvepTACELS :
a) f(x)=+/x+1 B) f(x)=2x>+3x+2 y) f(X)=e*-2x
3
3) f(x)=x"+5 f(x)=2F
)19 o f(x)= 2

1-1 ko o0vOeTn GUVAPTON

63. a) Av f:R—>R kot g:R—R givar cuvoptioeig ‘1-17 , va derybei 611 ko m
geof eivon 1-1.

B) Avn f eivar 1-1" tote ko @(X) =[f (X)]* +2f(x) -3 eivou 1-1’

64. Aivetat cvvépmon f:R — R yw v omoio woyvet:
(fefof)X)-f(f(x)=2x
vy kéBe X e R.

i) No anodeifete 611 1 f aviiotpépeta.
ii) H C; diépyetar omd v apyf TV aEOvav.

65. Aivetar ouvapmon 1R — R yia v omoia woyder: f2(X)+4f(X)=2x+3
KkéBe X € R .Na amodei&ete ot
a) N feivar 1-1, B)n C, dépyetar amd To onpeio A(l,l).

13
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1 -1 ko1 Mon g€icmong

66. Av f: R >R oote f(f(x))+(x)=2x+3 ,xeR.
a) Na Seiéete 6tun fetvar ‘1-17  B) No Avbei ) e&iowon f(2x3+x)=f(4-x)

67. Aivetou n covaptnon f: R — R ywa v onoia ioyver f (f (X)) =f (X) + e* -1 yia
k&P Xe R.
o) No oei&ete 6min f givon 1-1.
B) No Mooete v e€icwon  f(x® — 5x) = f(2x -6).

68. Aivetar n ovvaptnon f: R — Rn onoia givor 1-1 kot yio v onoia 1oy0et
f(f(x)) =fInx)+Inx yo kaBe x>0 .
o) Na deilete 011 1 ypagkn topdotaon tng T téuver tov G€ova "y 610 onueio
A(L0) |

B) Na Bpebei n axépara piCa g eéicoong (x> —2x)=0 .
69. Alvetau 1 yvnoiong povotovn cuvaptnon f: R — R g onoiag n ypopixn

napdotacn Sipyetar amd ta onpeio A(1,1) ko B(2,4).
a) Na Avoete TG e€lo0oElS :

i) f(x*-2)=4 i) fi(x)=1
B) Na Avoete Tig aviohoelg
i) f(x*-3)<1 i) f(x-1)<4

AvtioTpon ocvvdaptnon
Evpeon avrictpoonc

70. No Bpeite T1C avTioTPOQES TV TAPUKATO GLUVOPTHCEDV:

o) f(x)=—1+2V3-x B) f(x):%

) f(x)=In{l-x)

e*+1
M T00=

1

71. Na anodeitete 011 kabepio and TIC TOPAKAT® GLuVapPTHoELS eivor 1-1 kat oty
cuvéyeln v, Ppeite v avticTpoen Te.

@) f(X)=x* -2 B) f(x) =€ —4 7 f(x):))((__

3x-3
3X+5

I\J‘I—‘

d)h(x) =x*-10x+9,x>6  ¢) a(x)=

14
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3X—5,Xx>6
72. Alvetan n ovvaptnon f(x)=
2X+1,Xx<6

o) Na oyedidoete ) ypaikh Tapaotoor g f
B) Av vrapyet n aviiotpoen cvvaptnon g f 10te va ) oyedidoete ot0 810
oYNUO Kot vo, Bpeite ToV TOTO TNG.

4x+1,ov X=>3
73. Alvetan n ovvaptnon fue f(X) = .
Xx+10,av x< 3

o) Na orodei&ete 6T1m cvvdptnon f eivan 1-1

B) No mpocdiopicete ™ cvvaptnon

v) Na oyedidoete oTovg 16100 AEOVEG TIC YPOPIKES TAPAOTAGELS TV
ouvopticenv T ko f .

74. Aivetou ovvaptnon f:R—>R pe 2f°(X) =5f (X) +x=0, xeR va amodsilete
ot :
o) N T avietpépeton B) vo Bpeite v

75. Atverar suvéptnon f iR — R ye my omofa woyder: f(f(x))— f(X)=x+2y0
Kkébe X e R
a) Na anmodeitete 6t n f aviiotpépetar B) Na Ppeite myv 7.

76. Alvetan ovvaptnon f:R —R ywa v onoio 1oy0ovv 01 GYECELC:
(fof)(x)=4x-15ka (fofof)(x)=8x—35yw0kibe XeR.

a) Na amoodeilete 611 f aviiotpépetor. B) Na Bpeite tov tOmo g f.
OzopnTiKég
77. Atveran sovéptnon f R — R ye my omofa woybdet: (f o f)(x) = f(X) +x -1y

kabe X € R . No amodei&ete 0t @) n f avriotpépetaP) n C, diépyeton and to
onueio A(11).

78. Aivetar ovvapmon iR —->Rpe (fo f)(X)=f(X)—2x, xeR vo deifete 611 :

o) N T avietpépeton B) n C, diépyetar and v apyn TV aovov.

79. Aivetorn cuvépmon f 1R — R ywo mv onofo woydet: (o f)(x)=3-2e"" yua
k60e x € R. Na amodeilete OtU:
0) Na anodeitete onun f avriotpépetar B) H C; Siépyetan amd to onueio A(1,1)

15
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v) H f 8ev givar yvnoimg povotown.
E&iomoa1c-AVicDoEIG-ATTO0E1EN aVIGOTTOV

80. Na AMboete T1¢ mapokdton eE16MGEIS:

a) Inx=1—x p)e” +2x=2—-¢* )X +2x°-3=0
d) (x3+x)u—3(x+1)5 :(x+1)”—3(x3+x)5

e +1 w3 < 3
£) Ine* 1:7(e +1) = 7(e" +1)

81. Atvetaun cuvéptnon f:R —R yu my omoio woydet: (f o f)(x) —2x =1y
Kkébe XeR.

a) No anodei&ete 0t 1 f avtiotpépetar.
B) Na amodeitete 6tin C, Siépyeton omd to onpeio A(-1, —1) .
v) Na Meete v g&icwon T (X) =X.

82. Aivetar cuvépmon f 1R — R yu mv onola woybder: f( f(x))+ f*(x)=2x+3,
xelR.

o) Na arodeilete 6t f eivon aviiotpéyun,
B) No Avoete v eicwon f (2X3 + X) =f(4-x), xeR.

83. Aivetat cuvéptnon f:R — R yu v omoio woyvet ef® 4 f (X) =X+2 yw Kabe
xeR.
o) No orodeilete 011 1 T aviiotpépeton

B) No Aboete myv e&iowon f (Inx)= f (;j
) No Bpeite v 7
) Na Moete TV avicoon (X3 —8)(eX - 3) <f(-1).

X

e
84. Atvovtar ot cuvaptiices f(X)=—
e" +

1 kot g(X)=1-Inx.

a) No anodeitete 6t n f avrictpépeton ko va Ppebein f ' .

B) No Bpsite ) cvvapon ( f "og )(X) KOLL VOL ) LEAETHGETE M TTPOG T
povotovia.

1-lna _Ina

Av l<a<PB<e, va anodecifete Ot >—
" P : 1-Ing InpB

16
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85. Alvetar cuvdptmon f:R — R yvnoing povotovn mov 1 ypapikny e mapactacn
Siépyeton omd ta onpeia A(3,4) ko B(6,-2).
a) No Moete v eéicoon f (—3 + (- 3X)) =4

) Na Avoete v avicoon f'(x—5)<3

86. Aiverar ) yvnoiwg povotovn cuvaptnon f :R — R g onoiog n ypagikh
nmapactaot oEpyetol amd Ta onueia A(-1,5) ko B(2,4)
o) No amodeydei 6Tin f oaviietpépeton

B) No Avbein e&icwon f(f’l(xz)—3)=5

Y) No Avbein avicwon f ( f (eX +3) —3) >5

87. Aivetou n suvapmon f(x) =2 —3x—-2¢e*, xeR.

a) No amodeilete 6T 1) f aviiotpépetal
B) Na Moete ™y e&icoon f(f *(x—2e?)-1)=3.
) Na Moete v avicoon f(f(x)-1-2e°)<0.

88. Atvetarn cuvapton f(x)=3x"+2x>-1, xeR.
o) No amodei&ete 6t n T elvon avtiotpédyun

B) Na Aoete v eéicoon f ( f(4ovvx + 2)) =4

v) Na Adoete v avicwon f ’1( f (X2 +2X + 2) —5) >0

89. Afvetau suvapmon f iR — R yio mv omoia woydeu: ( fof )(x) = X° Y100 k6O
xeR.
0) Na amoodeitete ot

i. n f avtiotpépetauii. f (XS) =( f (X))5 v kabe X € R .
B) i. Na Moete v e&iowon f(x)=x.
ii. No omodeitete ot °(=1)+ f°(1) = f(0)
iii. Av f (32) =243 ,va vroloyicete 10 f (2).

Inpeia ropng C, kon C_, 6Tav f yvneing avéovsa
90. Atvetan n cuvaptnon f(x)=2e"+x-2
a) Na Aoete v eéicwon f(x)=f ' (x)

) Na Avoete v avicoon (x> —3x+3)<1.

17
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91. Aivetou n ovvaptnon f(x)=2"+x—-4
a) Na Woete v eéicwon f(x)=f ' (x)
B) Na Adoete v e&icwon f(f (X)) = f(2%)

v) No Moete v avicwon f'(x-2)<3.

92.'Eoto f(X)=x"'+4x+4.
0) Na deitete onun f etvon avriotpéyym ko va Bpeite o f'(9)

B) Na Bpeite Ta kowd onpeio tov C, ko C 1

93. Aivetau n ovvaptnon f(X)=3"+x-9, xeR.
a) Na omodeifete 611 f avrictpépetar kot va Ppeite 10 f*(-5).
B) Na Avoete ™y eficmon f(X)=f '(X)
1) Na Moete v avicoon f*(f(Inx)—-3)>0.

94. Aivetou cuvépmon f(X) =4x° +x-128, xeR .

a) Na amodeilete 611 f aviiotpéperar.
B) Na Bpeite ta. f(-128), f *(2).
7) Na Bpeite ta kowd onueia tov C;,C ., .

95. Aivetat ovvépmon f:R—R yu tyv omoia ioydst: f*(X)+3f(X) =x+3ya
Kkébe xeR.
o) Na omodeifete 6t n f avriotpépetar kot va Ppeite v .

B) Noa anodei&ete 6T1 1 f glvar yvnoiong avéovoa cto R .
¥) Na Avoete ™y eéiomon f(X)=f'(X).

18
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‘Opra Xovaptijocemv
H évvora tov opiov

H évvoila tns ovviyelas kabwmg kal opiouéves diies Pacikés Evvoles TS
avdloons mov Oa yvwpicovue oto emousva kKepdiaia (0mwg wy. 1
TaPpAYWYOS KAl TO O0LOKAPOUA) TEPIEiyav, GTA TPAOTOH GTAOLD THS
eééénc Tovg, opiocuéves acdpeleg, mov o@Eilovrav Kvpiwg oTHY
aovvauia tov poOnuatik®v va Olampoyuatevfovyv ue  Aoyiki
QVGTHPOTNTA THY EVVOLO TOV ATEIPWS HIKPOV KOl TOV OTEIPOS UEYTLOD.
Avty § advvauio 00nyovce moAiovs va auplefntovyv ta Ocuéiia mavw
ota omoio oTyPilovTay T0 0IKOOOUNUAE THS HAONUOATIKHG avdivonG Kol
va OUVOEOVY TO EVIVAWGIAKA OTOTEAECHOTE THS HE OPICUEVES
HETAPVOIKES EPUNVEILEG.

Ot palnuatikoi mpoocmalOnoav va Eemepdoovv oavTtéS TIS OVOKOAIES
EIGAYOVTAS TNV 100 TOV 0piov, ue TRV omoia, opyiKd, eKppdiovray n
oVVATOTHTA ULAS HETALALLOUEVIS TOGCOTHTAS VO TPOGEYYILEL €M’ ATEIPOV
Hia 6Talepl) mMOGOTNTA YWPIS GTNY APOAYUATIKOTNTA VO TH QTAVEL TOTE.
O d’ Alembert d6pice to 1765 avtipyv tyv évvoia oty “Eykvkiomaidcia”
tov Diderot wg &éng:

“’Eva uéyeQoc ovoudletar 6pio evog dliov 6tav 10 Oe6TEPO UTOPEL VO
nPoceYyilel TO APAOTO GE UG AMOGCTAGH O0GOONTOTE UIKPH, AV Kol &va
uéyeQog dev umopei va Cemepva moté to uéyebog mov mpooeyyiler étol
AO6TE N OlAPOPd HUIOS TETOIAS TOGOTHTOS OGN0 TO OPlO THS va &gival
EVTEADG aueintéa’”.

2upova Loimov u’ avtov Tov OpIGHO, TOV TEPIKAELIEL TNV Evvolo THGS
Kivijons wg uia dradikacio mpociyyions, o apibuog 2 eivai to opio tyg
akoiovlioc 1,9 1,99 1,999 1,9999 ..., aiia o6y1 opio
akoiovbioc 1,9 1,99 2 2 ... (yiati avty “praver” to 2), ovte
opio tns akolovBias 1,9 2,01 1,9999 2,0001 ... (yiati avty
Semepva to 2). O tpomos ue tov omoio o1 uoOnuatikoi ypyeiuomoloveay
™Y £vvola avTi TOV 0pilov QOIVETAL YAPAKTHPIGTIKD OGTO ETOUEVO
mapadociypua, oto omoio o S.F. Lacroix amodeikvier to 1810 ot

, . , , oxX , . .
“Eotw ot diveTal 1 oovdption , 6TV omoia vmobsétovue 6Tl TO X
X+ o

avéavetal Oetind ywpic télog. Araipovtas apiBunty Kot mapovouccty

ue 10 x, fpickovuc , éva amotéleoua mov ociyvel kabapd oTL

1+—
X

ocovaptnoy Qo Topouével TAVTOTE HIKPOTEPY OO TO o darld Oa
, ‘ , , . . a

mpooeyyilel ovviyeio avTHY THY TIHI], AQPOV TO HEPOS —  TOD
X

TOAPOVOUACTI] UELWVETAL OA0 KAl TEPLGGOTEPO KAl UTTOPEL va UEIWOEL 660
Oéiovue. H Jrapopd avaueco o6t0 006uEVO KAidoua Kal THY TiUl o
exkppdleTal g
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ox o’

o— =

X+a X+a
Kol EXOUEVMS YIVETAL 0A0EVa KAl T10 UIKPH], 0G0 TO X YIVETOAL UEYALVTEPO,
Kal umopel va Pivel UIKPOTEPY ATO OMOIAINTOTE TOGOTHTA, 0COONTOTE
HIKPY. Z0verdg, T0 doouEVo Kidouo umopel va mpoceyyilel to a 060

r nx ’ p . , ax
Kovtd Oélovus: dpa to a gival To 6plo THS GOVAPTHGHS —— G TPOG
X+ o

™y aopiety avénen tov x”.

TI'io va tomomotjcovue avTyy THY HOKPOGKEL Jladikacia, o1 uadnuatixol
TPOGTAONGAY VA ATOGVVIECODY THY EVVOLA TOV 0PIOV ATO THV EVVold THG
Kivyons Kot va tyv opicovy ue kabapd apiBuntikovs 6povs, £T6l MGTE
va yivel éva avtikeipevo uabnuotixot Aoyicuov. To amotéisoua avtTijg
™G Tpoordleiac vaple 0 GRUEPIVOS “OTATIKOS” opiouds ue ™y fonbeia
TOV OVIGOTHTWV KAl THS AROLVGHS TIUNG, TOV OlATVROONKE Oamo TOV
Weierstrass oto uéca tov 190v aiova. Me avtov tov opieuo, n évvoia
TOV 0piov amoyouvdlOnke and kdbls oTolycio emonmteias alid Eyive ETol
ovvaTo va amoderyfovv ue Loyiky avGTHPOTHTA 01 LOIOTHTES TWV 0PIV
Kal va toromoinlei n d1adixacio VTOAOYIGHOD TOVG.

o (0)
Menepoopéva 6pra 5

I'pagwkég IMapaotacerg
Rl S e e

96. H ypagiki mapdotoon e cuvaptnong f cr-mr--141--as :
glval vt TOL EOIVETAL GTO SITAAVO GYNUCL. 1 !

a1 Y LY Sy e

Na Bpebobdv 1o, Tapakdtom opia: Lo Lo

@) lim f(x) B limf VST
x—2" X—2 N B s el T EEED BRp S T
Y limf(x) ) lim f (x) BN AR A
. x8 ;&'::0‘123456

97. H ypagiki mapdotoon e cvvaptnong f ' ' 1;7f "‘;"“;'":"':"':'":'
glvat auT IOV PaiveTol 6To SUMAOVO GYpo. T T T S
Na Bpebolv T mapakdtom opio: T AT T U TN T
a) lim f(x) B) lim f(x) R R ) P Sl o Rk i i

x—>-1" X1 S L LT LR
v) lim f (x) 3)lim f () ST S A0 N T G T N
) g F0) WELLCE S RN
9 lim 09 L
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Pntéc Xuvaptiosg
98. N vroroyicete Ta TOPAKAT® O
3 _ 4
(L Qi
v m% 3) l'ﬂlf iz,leR
99. Na vohoyicete Ta TOPUKATO OPLL
v 3 2 4 2
@ z 1 veNT B lim : ><_3)J(rx_—X2Jrl » x“X—;;X— 543xxzjj30

100. Aiveton ovvaptmon f R — R, ywa v onoio woydet:

£l
£2(9 ~312(x) +31 (x) = x+9. Nou Bpsite 1o opro lim——— = (x)
—5X+6
AppNTES GUVUPTIOELS
101. Na vroloyicete to mapokdtom dpia :
a) "m«/2+x—\/2—x B lim Y2X+3-1 V2x+3-1 7) IIm«/x+5—2
0 X o1 J5rx -2 >3 X—3
Yx-2-33  Jx—2-x*-4 x? —16
0) lim—————— g) lim ot) lim—————
X—5 Xx—5 x—2 \/_ x—4 y2 3\/_ 10
3 _ 3 _
o lim VXT3 Vx+a+d ||m*/; U o) lim L+ Ix =2
x5 x —-8x+15 -1 x% -1 -1 x-1
1) I| —6x+8 K)|Imx—_4
4X\/_JrX 6% =4 x+2-9x
YUvapTICELS HE 0TOAVTA
102. Na vroroyiotel Ta TOPAKATO OpLoL:
) I|m|X2_X|_ [i)lim|X_2|_1 ) I|m|X+]4 |X _4|
o
x—3 |X—4|— x—1 |X|—1 v x—3 X—3
_5X°+4]x| |x+]j+|x+2| . |X2—X—2|—|2—X|
d) lim—; g) lim ot)lim
x—=0 x +2|X| X——1 X + X X—>2 |4—X2
2
o lim X°+8x+16
X—>—4 X+4
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103. Na vroloyicete ta Opia:

.| x*=3x+4|-2 X —4x-1]-2
a) lim———— p) lim—o———
x-1 x—1 x>-1| X* +6X+2|-5
ZovapTNGELS TOALATAOD TOTTOV
104. Na vroroyicete to mapakdtom dpia :
X +x-1 x<1
a) limf(x),av f(x)= ’
)X—>1 9 ) { 2x -1, Xx>1
. Z—M, -1<x<0
B) lim f(x),av f(x)= X
x—0
6X+1, x>0
3x® —5x -2
105. Av f(x)= [x]-2 ' , Vo, Bpeite epOGOV LTAPYOVV TA Iir‘rg f(x),
3 ,X=0
Iirr; f(x).
x*=3x,x<-1
106. Av f(x)=3-x+3 ,-1<x<1, va Bpeite epdoov vrapyovy ta 6pio g f ota

X2 -2 x>1

x1=1, X2=-3 kot X3=- 1.

Evpeon mapapétpov
2x? —a’x—9,x<-1

Na Bpette
x® —Bax® + 2ax+2,x > -1 Pp

107. Aivetor n ovvaptnon f pe tomo f(X) :{

TOV TPAyUOTIKO opdud o dote vo vdpyet to lim f(X)
Xx—>-1

ax’ +px+Loav x<1
108. Aivetarn cuovaptnon f pe f(X) =< 2ax+B,av1<x<2 .
2a, av X>2

Noa tpocdiopicete Tic 6Tabepéc 0,p € R dote va vapyovv ta Opia.
Iirrll f(x), Iin’zl f(x).
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-X+6 , x<2
ax—p , x>2°

2x% —x+1 x<1
oX+ P, x>1

Na vroroyicete 1o o, B € R yio ta omoia vdpyovv ta opta lim f(X) ko
x—1

Iin; a(x).

109. Aivovtar o1 cuvaptosic: f(x) ={ kot g(x) = {

110. Av yia tovg mpaypatikoig aptduovg o,pB,y woydel 6t 9o +3B+7 =0, va

ax® + Bx
VIOAOYIGETE TO OPLO Ilmﬁ .
x—3 X—3
TpryovopeTpikd opra
111. Na Bpeite w opla
3
a) lim X B) limL= ooV y) lim—%
x—0 X x—0 G x>0 1 — cuvX
6)I|m—ml2x 2NpX £) Ilmnux;g(bx 67) “m—npxs—x —X
X—>0 X x—0 X x—0 X+ X
112. Na vroloyicete ta mapokdtom Opio. :
) Ilm\/é_ ‘Z:FGUVX B) li Im—2x 7) lim &%
x—0 ne X x—=0 NUX x—0 x
1-nux -1 dnpx
d) lim =" 72 g lim——— covx -1 61) lim Ul

AT xo0 J2x —1-1 x50 X2 — 2X

113. Na vroroyicete to mapakdtom dpia :
\/1+nux —\/1—ﬂMX

4XoLVX —4X + 3npuX

a) lim lim
) x—0 X B) X—0 X+ Mnux
) "ng_Sx—m,tx ) lim 12X
x>0 3X 4+ MuX x>0 X
Kprmipro mwoapepfoinc

114.Eoto cvvaptnon f : R — Ry v oroia woyvet 61t

Jx-2 _ 4—x
X) < ——— v kdbe X €(3,4) U (4,5) . No vroroyicete 10
x—4 1) x> —12x + 32 v @HUAS5) v

lemf(x).

g().

115. Av yio k60e x € R woyderx* —x® < g(x) <x* +x®, va vroloyicete 0 IIm
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116. Eoto cvvaptnon f :R >R yl(x ™V omoio 16)ve
|(X 1) f (x)—x +]4 , Y ké0e X € R . Na vroloyicete 10 IIm f(x).
117.’Eoto ocvvaptnon f : R — R, yio. v omoia ioydel 242X < f(X) < x+2 yu
kéBe x>0 .Na vnokoyicssrs 0 OpoL;

() lim f(x2)+5—3 8 lim |f(x)—3|—

lim f (x lim————
u)x—>2 ( ) ﬁ) x—2 X =4 =2 X° —5X+6

118. Av X +4x< f(x) <3x*+2 v KaBe X > —3 vo voAoyicete Ta OpoL:
- f(x
olimf(x)  plim =5 Pl o [F00-1-4 B i Jf+a-3
w o ox-d RN 4/2f(x

BonOntuci) covdptnon

119. Eoto ovvapmon f :R—R yo v omoia woydet 6t lim M =3.Na
X2 X" —5X+6
anodeifete 6t lim f(x) =10.
X—2

, xf (x) —x*

120. Eoto cvvaptnon f iR — R ywo v onoia oydet 611 lim————=2. Na
%20 X +nu2X
anodei&ete ot lim f(X) =6.
x—0

, , e (X)X

121. Eoto cvvaptnon f iR — R yio v onoia ioydel 6Tt !(Irq i =3.
- X —
Na vroAoyicete 10 Ilmw
x—1 X—=1
122. Aivovtar cuvaptioeg f,g: R — R ywa t1g onoieg woyvouvv ov oyéoels :
fix)  _ : 2 _ )

>I<L2 7 3xi2 3 kot lm[g(x)(x - 4)] =1. Na vrnoloyicete 0

lim[ f ()g(x)]-
Alrayn petafintig
123. Na vrroroyicete to mapakdtom dpia :

a) lim H3X nu3x B) lim cvv2x—1 9 “mnux-nu%x-nu?:x

=0  x x—>0 X2 x—0 X
i x—3 .
0) Ilm—?“( ) €) I|m—4XGUVX+nu5X .
-3 X —TX+12 -0 X4+Mu2X

124. o) Av IirP2 f(X) =3, va Bpeite 10 Iing f(5x+2).
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f (X) F3x)

X

B) Av IIm =2016, vo. Bpeite 10 IIm

125. Aiveton ovvapmon f 1R — Ry v onoio wybder: f(X)+ f(x+2)=2x+2
Y10 k6Oe X € R Ko Iimz( f (X) +4x—2)=2. Na vrohoyicete 10 lim f(x).
X—>— N

126. 'Eoto cvvaptmon f :R—R yio v omoia ioydel 6t lim——= Y =3
x>0 X

, VL

vroloyicete to 6pro: lim Xt (4x) - (= X)np3x
x—0 4 T“'L X

127. Avyia x € Royoet f(5—2x) = f(X) ko Iin’21 f (x) =2016, vo Bpeite 10
lim f(x).

x—1

128. 'Eoto cvvaptmon f :R—R yio v omoia ioyvovy ot oyéoeig: f(x)= f(2—X)
v kG0e X € R ko )I(Irr;[ f(x)—x*+ X] =2 . No vmoloyicete 10 Iing f(x).
-

129. Aivetar cuovaptnon f : R — Ry v omoia oybdet ot IIm ( ) =2.Na
VIOAOYIGETE TO Iimw.
x>0 2X° —3X
f(3x)
130. Aiveton ovvaptmon f : R — Ry v onoia wydet otu: |IrT3 09 =4. Na
X— X
. (27
vroloyicete to lim (27%) :
x—0 f(x)

AviooTTEG KO Opra

131. 'Eoto ovvépmon f :R — R, yia mv onofa wydet 6t lim f2(x)=0. Na
X=X,
anodeifete otLkan lim f(x)=0.
X—>Xo
132. Eoto cuvaptnon f : R — R, yio tv onoia ioydel 611 Iin;[4f (x)—f? (x)} =4,

Noa vroloyicete 0 Iirr21 f(x).
X—>

133. ’Eoto cuvaptnon f : R — R, yio tv onoia 1oydel 611
f2(x) -2 (X) + suV*X <0 y1 kéBe X € R . No anodeilete oTt |irTJ f(x)=1.
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134. 'Ecto cuvdpmon f : R — R, yia v onoia woydet 6t f2(x) -4 (X) < x* -4,
110 kG0e X € R . No amodeilete Ot Iirrg f(x)=2.

135. Aivovtat ot cuvaptioeig f,g: R — Ry tig onoieg oydet 611
lim [ f2(x)+9° (X)} =0. Na anodeitete dtikan lim f (x)=limg(x)=0.
X—=>Xg X=Xy

X—>Xg

136. Aivetou 1 ovvépmon f :(0,+00) — (0,+0), yro v omoia wx0eL 6TL

f(x)
X

Nuex —3x> + £2(x) = xf () y10. k60 x>0 . Av vdpyet t0 Iing , V0. TO
vroloyicere.
k
Mn menepoopéva 0pra (6}

137. H ypogikn mapdotacn e ovvaptnong f
€lval oUTH TOV PAIVETOL GTO SUTACVO GYTLL.
Na Bpebolv Ta mapakdtom opla:

@) lim f(x)

B) lim f (x) BRI AR

y) lim £ (x) 8) lim f (x)

g by ..
138. H ypogixn mapdotacn g cvvaptnong f NI I WA I I '
gtvat avtr) Tov Qaiverol 6To SUTACVO Gy bt " N
Na Bpebolv 0. mapakdtm opia: L :_%_ R
a) lim f(x) By limf(x) 1 1 1R
x—>2* X—2 t--1-2 Py
y) lim f(x) ) Iinj1 f(X) - -
x—4" X—> b i
Tf": X
AL S R ;
139. Na vroloyicete, av VIEGPYXOLY, TA TAPUKATD OPLO.
. - . . [x=3/+4 . |x=3-2
o) I|m£ B)lim 2X+12 |2—| )I|m| |
x—3 |X—3| X1 (X—l) x=2 X —4X+4 x—-1 |X +1|
2 2
& lim "2 F0 oy i XHL iy X0 ) lim 2%
x—2 (X—2) X—5 x¢ — 25 x—2 X° —4 x>2 X —2
X' +3x-4 : 4x—7 (2
0) |Im¢ )] lim—— L K) lim X _ > 3
x>-1 ¥ — x—3 ,X3—6X2+9X >3\ x—=3 x°=-7x+12
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3y lim M) i X T V) lim 2T
=0 X|x| x>0 M UX 17 GUVK
_2- . -3 22—
é)llmﬁ o)llmM ) Ilmm
x=0]— guVX -0 guvX —1 x=0"  3nux

HopapeTpikd 6pra

140. Na vroloyicete to mapakdtm opio yiao TG d1dpopeg Tipég tov Ae R

2 — —
a) lim X_—2X+2 B) |imx_7‘2_
x—1 |X _]_I X—>-2 (X + 2)
3x* —ax+ 2B

141. ’Eoto n ovvaptnon f(X) = . Na Bpeite 10 IirTll f(X) v tig

x* -1
ddpopeg TéG Tov o, e R

2

142. Av to 6pio lim givor Tpaypotikde aptbudc , vo vroloyicete To

o2 |x+2|
a,peR.
3 _ 2 _
143. Av f(x)= ax Bz( ZZX 8 , va Bpeite Tig Tipéc tov o, fe R, dote
X J—
limf(x)=4.

X—2
BonOntuci) covdptnon

144. Atvetou n cuvapmon f: R — R yio v omoia 1oydet Iin;(x ~ 2)2 f(x)=—4.
X

3f2(x)-5f(X)+7
f2(x)+2

No vroloyicete To Oplo: @) Iir’r; f(x) B) Iin;
X—> X—

145. Av IirT}[4f (X) —3xg(X)] = +o0 K Iirr}[—ZXf (X) —3g(x)]=+e0 va vrohoyicete
o Opla Iirq f(X) ko IirT g(x).

146. Eoto cvvaptnon f opiouévn oto R . Av n f givon dptio kan Iinol f(X)=+0, va

X—>

amodeifete ot lim f (X)) =+,

x—0"
147. Aiveror suvaptnon f:R— R yia v onoia ioyvet: Iim[ f (X)(X2 - 2)] =—0,
x—1
a) Na Bpeite 0 6p1o !(ILnl f(x)
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B) Na Bpeite To 6plo !(I_rpl{ f (x)npm} .

) Av g(x)> f(x) v kabe x € R, va vmoroyioete to limg(x).
x—1

148. 'Eoto cvvaptmon f iR — Ry v onoio woyvet Oti:
8f (x+y)=f(2x)+ f(2y)+24xy(x+Yy) v kdbe X,y eR.

) No amodeitete 6t f(x)=x°, xeR.
f(x)

B) Na vroroyicete T TapakdTm Opa: . )I(l_r)rg) 2 (X) o (X3)

v) Na amodeiete 6t T avtiotpépeton kat vo vroloyicete 10 6plo

i fH(x+1)+fH(x+1)-2

x—0 X

Mndevikn emi gpaypévy

149. Na vroloyicete to mapokdtom dpia :

a) Iim(XnHEJ B) |im[(x2 ~3y) nuz“ﬂ

x—0 X x—3 X—23
2 —

v) lim L”'GUVE 6)|im(Xnu2L—2x2csuv§j
x—0 X X x>0 X“+1 X

£) Iim(xnuinrxmlj o1) lim [(x+1)nu 22 +x2°°—1}
x—0 X x—>-1 X =1

‘Opro oto arerpo

I'pogukég mapactdosig

150. H ypogikn mapdotacn g cvvaptnong f
glval ouT IOV PAIVETOL GTO SUTAAVO GO

Noa Bpebovv ta. mapaxdTm oplo:

@) lim f(x) B) lim f(x)

5) lim—
x—0 f(x)

Ll
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151. H ypogikn mapdotacn g cvvaptnong f
glval avT IOV PAVETOL GTO SUTAUVO GYT|LLOL.
Noa Bpebodv ta mapakdto opla (av VIapyovV):

o lim f(x) B) lim f(x)
_ A :
v Jim s DMt i

‘Op1o TOAVOVOIIKNS-PNTIHS GUVAPTIONG

152. No Bpeite ta 6pio.

a) lim(-5x® + 3x - 2)

) lim (x*¢n2 -5x +1)

153. Na Bpeite ta 6pia.

B) Xlirpw(—sz + 3x -1

d) lim (xX'cvv2-x-2)

22X —x+1 23 -3x+1
a) lim —— B) lim ———
x>+ X7+ 2X+1 x>—e 5X° +X+1
. Bx*—x+1 _ 3 3x 1
lim —— d) lim -
Y)x—>+oo XX+ x+1 )H—w(x—l x2—3x+2j

‘Opro ovvepTee®V TOALATAOD TOTOV

154. Na vroloyicete Ta Opla TOV TOPAKAT® GLVAPTHCEDY OTO +00 KOl GTO —00,

3
x* —5x,av x<1 gx3—+é,ow X>-5
o f()=1 7 B g00=1""
— ,av x2>1 4X
———,av X<-5
8x° +1
Xy e (~o0,-2) U (2, 40)
155. Atvetar 1) suvépmon £ pe tomo f(x)=1 x2 —4 ’ ’ .
3, -2<x<L2
Na PBpeite :
a) lim f(x) B) lim f(x) y)lirr;f(x) 8) Iirr12f(x).

‘Opro GppnTOVY GUVAPTI|CEQV

156. Na Bpeite o dpra. :
a) Iim( 4x2+x+1—2x+3)

X—>+0

B) lim (x/25x2 + x+1+5x)
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) XIL@@(ZX—\IQXZH) d) lim (2x+\/m>

X—>—©

157. Na vroloyicete to mapakdatm opio, :

o lim Jax2 151 x-1 B) “mﬂ
= Jox? —2 +2x—4 o x4 x+1
2 _ 4 4 53
¥ lim \/x2+1 X 8) lim \/16>2< +3 3\/2< +2
o0 [4x? +1 - 2x o x2 414 Y%+ 4

158. Na vrooyicete ta Opia:
a) lim (\/x2 +X—2 A +3x+1+ X +5x+10).
X—>—0

) lim (\/x2 +X+14++/9%% + 2% — 4x +1)

y) lim (\/4x2 +2 +49x2 +1—+/25%% + x+1)

‘Opro. pe améivta

159. Na Bpeite ta 6p1o. :
2 _ 2 3 _ _
o) Iim|x 23x|+x 1 B) Iim|x 2X|+3 v Iim|x 42x+3|+x 1
x>+ X5+ X+1 x> | x—=1]-2 x> XU 42X+ 2

‘Opuo Kol TapapueTpor

160. T tig S14popeg TPAYUOTIKES TIUES TOV W VO VITOAOYIGETE TO, TOPAKAT® Ol :
— 3, y? 3

a) lim (2 ;;)x +X°+3 B) lim (2u+3)x : 3x+1
x>+ X" —3X+5 x> (W—2)X°+2

161. Na vroloyicete ta mapokdtom Opia yio Tig Sidpopeg Tipég tov Ae R
a) lim [ (A +1)x* —3x+4% | B) lim [(\? —9)x* 4% —ax+1].
X—>+o0 X—>—0

TpryovopeTpikd 6pra

162. Na vroloyicete to mapoakdtm dpia:

o) lim (x+npx) B) lim (x+ocvvx) y) lim nu2x
X—>+00 X—>+00 X—>+00 X
Xnu s
8) lim — X &) lim nu—— o) lim 2
Xo—o X 4 2 X—>+90 XS+ 2 x>0 X +1
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2
. . . X(2—mpx
0) lim (2x+npx) n) lim XC:UVX 0) lim w
X—>+00 X0 X< 4 2 X—>+0 X+1
2 _ 2 np=
) nm(ZX 3j o fim 2
x>\ 4X x40 X + GUVX X0 X
, 1
w lim (x+)np= v) lim Jxnu= &) lim ———X
X—>+0 X X—>+0 X X2 \/XZ? +X

163. Na vroloyicete to mapoakdtom Opia:

X2 = 2XNuX + 2 x* —10XnpX — 560V 2X

o) lim B) lim
X—>+00 X ,XZ -9 X—>+00 X4 +«,X
. X . (X+Dnp2x
lim X é) lim —————
" H+oo(x2+1ml j ) X' +3x%+2
2 J—
& lim 3X1‘|§lX+XG\)VX o1 li 5X +cvv X —2nux
x—>—0 x> _3x+4 X——0 4X +npx

‘Opro eKOeTIKAOV —AOYOPLOPIKAOV GUVUPTICEDV

164. Na vroloyicete Ta Opio

u) Iim32x_4'3x+3 B) Ilm 22x+1_2x _1 Im 2x+3x+1
XH032X+2.3X_3 XH03.4X_2>(+2+1 Y ><H+002><+1+3x+3
X+l _ @ ox X _ ox+l X+2 _ ox+l
8) lim 2 %2 g lim—> 2 o) lm &2 *+3
x——0  @% _ 2%+ x——0 35X 4 X x—+0  @% 4 2XF
L )
lim——
R T
) ) 7\’X+3 _3)( +5 )
165. Aiveton n ovvaptmon f(X) =3 g’ A>0. Na Bpeite to Ae R yia 10
J’_ —_

omnoio 1oyvel 6t lim f(X)=64.
X—>+00

‘Opro 6vvleTNC GUVAPTNONG OTO ATTELPO

166. Na vroloyicete to mapokdtom Opia:
2x2_3 x+1 X2 —x+1

) lime ™ B) lim e P lime =2 &) limel

X—>+00 X—>+%0 X—>—00 X—>—00

£) IimSIn—x+2 61) Iim(lnx—ln»\/x2+2x+3)

-0 41n° x+In?* x+1
) Xlirpw[ln(e”z +3)—x—2] w) lim [ 2In(x+1) = IN(x* + x+1) |
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Aldpopeg

167.

168.

169.

170.

171.

172.

173.

174.

‘Eoto n ovvépmmon f(x)= lim

a) Av yia kéfe xe R x* +2x< f(X)<3x* —2x+2 , vo Bpedovv ta
XILrpoo f(x), Xlirpw f(X)
B) Av yu kabe xe R givon | Xf (X) — \/m I<1, va Bpedei to Xllrpw f(x)
v) i) Av XILTOO f2(x)=0 , vo deysi XILrPoc f(x)=0
ii) Eotm n cuvaptnon g yio v omoio XIi%rpm[g2 (X)+49(xX)]=-4. Na
VIOAOYIGETE TO XILrEO g(x)

2_ —_—
2); 1sf(x)s2X 1
X +1 X+1

B) Na Bpeite to lim f(X) o6tav VAX* +1-x< fF(X)+x<x*+1,x>0

o) Na Bpeite to lim f(X) otav ,X<-1

Atvetan dptio ovvaptnon f:R — Rpue XI_I)rP [f (X)+XC+X+2 - x+1} =4,

Na Bpeite ta lim f(X)kor lim f(x).
X—>+0 X—>—0

. f .
Av lim T _ 3kon lim ( f (x) —3x) =6 ,vo vroloyiotei T0 61O

X400 X
xf (X) —3x* -6
x>+ 2%2 f (X) —6X° +4x -5

Aivetar ovuvaptnon f:R — R yio v onoia woydet |(X2 +1) f(x)— X| <1y

x60e x e R .Na Bpeite 10 Jim £(x).

P(x)

Na Bpeite moAvmvouo P(X) YW T0 omoio va ioyvetl 6Tt lim 21 Kot
X——0 X< —

. P(x

Im# =3.

-1 x° -1

2y* nux + xy’ +2x°y

> x>0.
yoteo Xy +1

a) No anodeiete 6t f , x>0 PB) Na Bpeite to lim f(x).

2npx + X
(==
X
Atvetonn cuvaptnon f(x)=1In (1— e’ ) —In (1+ e ) :
a) Na Bpeite 10 nedio opiopod g P) Na Bpeite to mpdonpo g f.
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v) Na amodeitete 6t f avtiotpépetar kot vo Bpeite v avtictpo@n ™C.
d) No vroloyicete Ta Opio:
o ()X =3+ TXP —6x+2 o 4
i. lim (+4) — ii. lim (ef (x)—ef(x))
X—>+0 X°—=5x°+9 X—>—00

175. Ectw ovwvapmon f : R — Ry my onoia wyvet ot f°(x)+3f (x)=x+4

10 KAOE xeR.
o) No onodeilete 011 1 T eivan ywnoing avéovoa.
B) Na amodei&ete 6T n f avriotpépetar kot va Bpeite v aviictpoen .

v) No Aoete v avicwon f (2X2+4X ) <3 ) Na voloyicete 0 6p1o

1
fim 1 MR

X—>+00 X

YovELELD GUVAPTIIONG

Tnv wepiodo mov n Evvora THS GOVAPTHGHS TAVTICOVTAY
He avTipy TG “avalvTikig EKPpacns”, vmijpyav dvo

H pia and avtég, ue kabapd yewueTpiky npoéisvaoiy,

eééppadle TV 1010THTO HIOS KAUTTVING va un 0 x
mapoverdlel “O1axoméc™ n aAly, pe Tpoéieven _F,/
KOpiwg amo T Quoikl, eCEppalde THY 1010TNTA EVOS
QaIvouEvov va akolovlei tov idro “vouo”, tnyv Acuviyeio o xe Aoyo Sa-
1010THTA H1AS COVAPTHGHGS Vo OLATHPEL TRV (d1a KOTHE THC HOUTOM|C o -
avoLVTIKI EKPPOcl 6’ 0A0KANPO TO mEDIO 0pLoUOD TO TO 01 Ui
7ie. ¥y
27 avTipv Ty televTaia avtilnyn mepl coVEXELAS
daoknoe évrovyy kpitiky o A. L. Cauchy ro 1844, /?\
onueidvovrog to eéns: “Lta épya twv Euler kat i N
Lagrange, uia covaptyon ovoudietar coveyns i g % \ x
AGVVEYLNGS AVALOYA HE TO AV 01 OIAPOPETIKES TIHES
avTS THGS GVVAPTIGIS VAOKEIVTAL 1] O)1 6TOV (010 Aquvizmo oo X hoye ue-
VOUO0, TPOKVTTOVY 1 O)l amo pia uovodixi eicwoi. tafolnc T)C ave kT ¢ S
TPUSYS O LU TO TYUEiD.
Ouws avtos 0 0picuOS TOAD anméyel amo To va Ocwpnbci podnuatika
AKPIPHS YIaTi av 01 S10POPETIKES TIUES HIAS COVAPTHGHS E6APTAOVTAL ATTO
000 1} TEPIGGOTEPES OLAPOPETIKES eE16MGEIS, TIMOTA OEV HOS EUTTOOILEL va,
HEIDGoVUE TOV AplOuo avTdy TOV eEIGAOGEMY 1] aKOUN Kol va. TIG
OVTIKATAGTIGOVUE Ao pia omiy Eicwai, TS omoias ) avdlveny Qo puog £01ve 61eg
716 vbAoimes. Emouévag, av kaveis Oswpijost tov opicud twv Euler kot
Langrange epapuocuyio 6& 6.0 ta ei0N TV GCOVOPTHOEWY, TOTE U0, ATTAY] 0IL0YH
TOV GUU0JIGHOD Eival GVYVA APKETH PLO. VO, UETACYNHATIOEL P10 COVEYN COVAPTHON
o€ aovveyly kat avrictpopa. ‘Etel m.y., av to x coufoliel pia mpayuatiky
HETAPINTH, TOTE N GOVAPTHOGN OV IGOVTAL HE 1] , AVAAOYA HE TO OV N UETAPANTH X

33

:
:
OLAPOPETIKES AVTIANWEIS PIA THY EVVOIA TGS CVOVEXELAG. | /
|
|
I
I
I
I
i
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gival Ostikiy 1 apvyTIK, TPETEL PLA TO AOYO AVTO Vo TOTOOTHOEL 6THY KAdGH TV
AGVVEYDY COVOAPTHOEWY. OUWGS 1] id10. cvvdpTnon Ba umopovee va Oswpnbet wg
ovveyng otay ypapel oty popen (1) .

'E701, 0 YOpoKTHpOS THS COVEYLELNS TV GOVAPTIIGEDY, Ocwpobuevog amd Tto onucio
OTTOV 01 YEWUETPES CTAUATHGAY VIO TPADTH POopPd, eival acapljs kot afiéfaros. H
afefaiotnro ouwgs Oa eéapavicrel, av oty Béon tov opiouov tov Euler
OVTIKOTAGTI|GOVUE AVTOV TTOV EYW dMGEL 6T0 Kepdlato Il Tov Epyov uov
“AAyefipiy avaiven” ...”.

0 opi6udgs, otov omoio avopépetal 6@ o Cauchy, amoteAel 0VGIAGTIKG THY TPATH
OTLOTCEIPA UELETHS THS EVVOLOS THS COVEYELNS HE LOYIKI] AVGTHPOTHTA.
Amoovviéovras avTiy THY Evvola amo KAOE YeUETPIKI) eTOTTEIR Kal ESAPTHGNY
amo THY EVvola, THS “avalvTIKIG EKQPacNS”, TH HETACYIUATICE 6€ Hid KoBopd.
ap1BunTiKij 1010THTA TWV CVVAPTIGEWY, TTOV UTOPEL VA YIVEL AVTIKEIUEVO AOYIGUOD.

0 opicuos avtog tov Cauchy, mov 660nke o 1821, éxet ws eéijs: (évav mapouoio
opicuo eiye dwaoéel kat o B. Bolzano to 1817).

“Eotw uio ovvaptnon tis petaffintic x kai ag vwobécovus ot yio kdle tuif
TOV X 6’ £va O0GUEVO OLAGTIUA 1] GOVAPTHGN GUTH EYEL TAVTOTE U0 HOVAOIKY Kal
mETEPAGUEVY TIUH. AV ODGOVUE CTY UETAFINTI] X HI0. ATEIPOEATYIGTH AOENON ay |
ovvaptnen o avénbei katd tq diapopd. , § oroia eaptdral anod Ty véa
HETAPINTH a Kal TRV T oV giye T0 X. X’ auTijy THY IEPITTOON, 1| CVVAPTHON

Oa ovoualetal coveys 6To JIdeTHHA THS HETAPINTHS X, av Ylo KdOe Tl Tov X 6°
aAVTO TO OLAGTHHUA, 1] ATOIVTH TIUI THS OlAPOPdS HIKPaIvEl en’ drelpoy puodi u’
avTiy 100 a. Mg dila Aoya, 1 Oa Tapapusvel GoVEYNS (G TPOS X, AV HI
ATEWPOELAYIGT] AVENGH THG UETOPINTHS TOAPAYEL TAVTOTE UL OTEIPOEAIYICTI]
avénon tyg i01ag THS GVVAPTHGHS.

I'poagikég mapaoctdosg

176. H ypogixn mapdotacn g cvvaptnong f
glvat out] OV EaAiveTol 6To SUTAAVO GYNLaL.
Noa Bpeite :
o) To medio opropov ¢ cvvaptnong f
B) 0 ovvoro UGV TN cvvaptnong f

v) g s f(2), f(4)

177. H ypoagikn mapdotacn g cvvaptnong f
gival avTy OV QoiveTol 6TO SMAOVO GYAUe. 1T T4
Na Bpeite :
o) t0 1€dio opiopov ¢ cvvaptong f
B) T0 svvolo Tidv ™G cuvaptnong T
) ngtpés f(2), £(0)

0) ta onpeio ota omoio avTH dev Eivat cuVEXNG.

|
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Yovéyew ™ T oo Xo.

178. Na eEetdoete 0 mPOG TN GLVEXEWL GTO X =X, TIG TOPUKATO GUVOPTNGELS:

2
e*, x<0 X+—3_2 X =1
@) g(x)= (%=0) B (=1 x-1 ' 77 (%=1
Xx+1 x>0
2, x=1
2 —
X—l, X <1 “”—Wl,xgo
x-1 X
ViX)=9 2 x=1(x,=1) 8) f(x)=40 X=0 (x,=0)
3x-1 x>1 NHX x>0
2X

Yovéyew e T oto Dr

179. Na peletioete @G TPOG TNV GUVEYELD TIG TOPUKAT®O CLUVOPTNOELS :

|X2;16| Nl Tk i Xx#0
0 f)=1 x_a 74 B =1 (@)
8 ,X=4 O ,X:0

180. Na e&etdoete m¢ TPOg TV GLVEYELD T GLVAPTNOT:
—x2, av x<0

5x-4, av 0<x<l1

4x* —3x,av 1<x<2

f(x)=

3X+4, avx=>2

Xt

181. Aivetarn cvvépmon f(x)= . ; ,Xx>0,1>0.

) No Bpeite to lim f(x).
B) No peletnoete mg TPOG T GUVEYELD TN GLVAPTNOT)

g(k):{lim f(x),A>0

X—>+0

0 A=0
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Evpeon napopétpov

182. Na npocdiopicete to. 0,B,y € R dote ) cuvdptnon f pe :
X? —3x+2
x—-1
x* —ax+3 , ,
f(X)={————-—,av x>1 va givar coveyfic.

X“+px-p-1
v,av X=1

,ov X<1

—cvvx,av X<0
183. Aivetorn cuvapton f pe f(x)=qacvvx+p, av0<x<m.
nux, av X2m

Noa Tpocdiopicete TOLE TPAYUATIKOVS 0p1Bpovg a, B date 1 £ va gival cuveyng

octo R.
ax’+2Bx -6
184. No. Bpefovv ot Tipég v o , P dote  suvépmon f(X) =4  x-2 X>2
axX+3f3 , X<2

va givon cuveync oto R
Evpeon Tipig TS 6uvapTnonG pEc® GUVELELNS
185. Aiveton cvvapmon f:R—>R ovveyngoto x, =0 yio v omoio woydet:

f(x)+ xznu1

lim———* =2 Na vroloyicete o f(0).
x—0 X

186. Av n f eivar cuveynic oto xo= 0 kat yia k4e x € R 1oydet :
Nu2x — x* < xf (X) <mu2x+ x* va Ppeite 1o f(0) .

187. Aiveton n ovvaptnon f ovveyng oto X, =0, yio v omoia 1oydeL:

|xf (x) — xnux| < x*yi0 k4Be X € R . Now vrodoyioete 10 f(0) .

188. Atvetor cuvéptnon f: R —Rovveyigoto X, =2pue f(X)(x—2)>x°—6x+4
yio kGOe X € R No voroyicete 10 f(2).
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Evpeon 10mov ovvaptnong nEcm ovvE Elag Kot amodeitn cvveystag(nécm
6)£0116)

189. Aiveton ovvaptnon f :R — Rovveyng otox, =0 pe
f(X)+ f(x=3)=2x* +6x+19 yia k4be x € Rxar f(0)=5.No anodeiete 611
n f etvan cuveyng oto x, =3.

190. Aivetar cuvaptnon f:R— R ovveyngoto x, =0 yio v omoio woydet:

|irg¥=21<0u f(x)=f(x+1, xeR.

a) No Bpeite to f(0). P) No amodeilete 0t f eivar cvveyng oto X, =1.

191. Aivetar covaptnon f :R — R yio v omoia woydet: IimLXf(X) =2.
x>0 MuUX+ X

Avn C, diépyetan omod T0 onpeio A(O, -3) va anodeifete 6 f eivan cuvexng

670 X, =0.

192. Aivovtar o1 cvvaptioeg f,g:R — R ywa 11g omoieg woyvet:
f2(x)+g%(x) <2 (X)-g(X) + X%, 10 k60 X € R. Av 1 g sivou cuveyig 610
X, =0, vo anodei&ete 0TL ko 1 f etvon cuveyng oto X, =0.

193. Aivovtat ot cuvaptioelg f,g:R —> R yua 11g omoieg 1oyvet
f2(x) +49°(x) <4 (X)g(X) + qu’X yua kédbe X € R . Av 1 g eivon cuveyfic 6To
X, =0, va anodei&ete 0t kon n f elvon suveyng oto X, =0.

194. Aivetar svvapmon f R — R yia v omoia woyvet: f2(x)+ f(x)=3x yu
kéOe X € R. Na amodeilete 6TL M f ivat cuveyng oto R.

195. Aivetoin f opiopévn oto R pe £5 (X) + f (X) +1 = X Na deitete 6t n f eivon
ovveygoto X0 =0.

Yuvéyera kot fondntikn cvvaptnon-ailayn petapintig

196. Aivetor ovvaptnon f:R — R, cvveyng oto x, =2, yio v omoia woydet ot

RLICE f0-1(2)

=3, A e R . No vrotoyicete to 6pro lim
-1 X—1 X2 X—2
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f(x+1)
X

197. Aiveton ovvaptnon f:R - R, cvveyngoto X, =1 pe Iirrg =4 Na
X—>

vroAoyicete to 6pto lim -1 .
X—1 X—=1

198. Aivetor cvuvapmon f:R —R cvveyfig oto X, =6 Yy v omoia woydet:

lim f(x+3) =2 . Na vroloyicete 10 6p1o Iimw.
>3 X—3 x—>6 X—6

199. Aiveton ovvéptnon f : R — Rovveyng oto x, =0 pe
f(X)+ f(x+1) =4x* +4x+8 yia ké4be x e Rxar f(0)=3.No anodeifete 6t f
gtvar cvveyng oto X =1.

200. Av n f givan cuveyfc oto 2 kot f(3)=10 ko f(5-x)=f(x) ya kébe x € R , t01e:
a) Na Ppeite 1o f(2)
P) Na dci€ete 0tin f givar cuveyng oto x0=3

201. Aivetor cvvépmon f : R — Ryt v omoio ioydet : 6X < f(X) <x* + 9 y1o0
Kkéfe XeR.
o) Na Bpeite to f (3)  B) Na amodeitete ot n f etvan cuveyng ot0 X, =3.

v) No vrooyicete 1o 6pto lim (xzf (ED

x—1/3 X

YovapTNowkég oYEcelg

202. Aiveton cuvaptmon f : R — Ryw v onoia wyvet OtL:
f(x+y)=f(X)+2f(y) yua kébe X,y e R.Av n f eivar cuveyng oo X, =0, va
anodeifete 0t 1 feivon cuveyng oo R .

203. Aiveton svvéptnon f iR — Ry v onola wydet: T (x+y)= f(x)f(y)yw
kabe X, Y €R. Avn feivor cuveyng oto X, =3 , va amodei&ete 6TL 1 f etvan
ocuveyng oto R.

204. Aivetor ovvapmnon f:R — R, cvveyng oto X, =0, yu TV omoia woyvet:
f(x+y)=f(X)+2f(y)+xyyakabex,y e R. Na anodeitere otin f eivon
ocuveyng oto R.
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205. Aivetou n ovvapon f R —R cuveyng oto X, =1 yo v onoia woydet:
f(xy)=f(X)+ f(y) vy xébe x, y € R. No anodei&ete 60t 1 f eivan cuveyng oto
R.

206. Av yie m ovvapmnon f:R—>R wyder |f(x) - f(y)|<2016/x—y|,vx,yeR,
vo, amodeifete ot T eivar cuveyng oto 0.

OzoppaTa cUVELELNG
Bernard BOLZANO 1781-1848
O Bolzano (1781-1848) 1ijtav kalOnyyntic tHs
Ocoloyios oo Havemortijuio tys Ilpayas ané to
1807 uéypr tqv amouarxpvven tov to 1819 (mapdio
mov &lye omOVIdoEl Kol ualnuotikd Kot iy
oiekokijoel ™y avtiotoyn éopa) Ta MaOnuotikd
kot n Dilocopia HTOY TA TPOTAPYIKA TOV
EVOLAPEPOVTA ATTO VOPIS, TOPOLO TOV HEAETHGE KAl
giye OVVEIGCPOPD Kal G& dila avTikeiueva HETALD
TV omoiwv noiky kar Loyiky. To ugyalvtepo Epyo
tov Ocwpia s Emoenijuns [Wissenschaftslehre],
onuocicvuévo 1o 1837, eivar mpwtapyika éva
EYYEIPIOL0 L0YIKIfS
To Osapyua mov péper To dvoua Tov, EuPaviietaol
oto épyo tov Kabapda avalvtiky amédeién tov
Ocwpijuatos o0t1 petald Omoiwyv 0V0 TIHDY 7OV
OIvovY OamOTEAEGUATA  OLOPOPETIKDY TPOCHUDY
Ppicketar tovidyicrov pio mpayuatiky pide s elicwong [Rein analytischer
Beweis des Lehrsatzes, dass zwischen je zwei Werthen, die ein entgegengsetztes
Resultat gewdhren, wenigstens eine reelle Wurzel der Gleichung liege/ o omoio
Eypawe To 1817.
2e avto, o Bolzano édwee éva opioud tis ovvexovs cvvdptnons, o omoios yia
wPATH YOopa Edetyve Kalbapa ot n fdon TG 10éag THS ovvéyeias Ba fprokoTay oTny
évvota tov opiov. Opice uia ovvaptyon f(X) wc cvvexn ce éva ddeTnua av ya
omole. Ty TOv X 6¢ avtd TO JdeTnua, N olapopd F(X+AX) - f(x) yiveror war
TOPOUEVEL UIKPOTEPY OO OTTO1A d0b0cica mocoTnTa Yo AX EMAPKOS UIKPO, Eite
Octino eite apvyTixo.
O Bolzano dev emnypéace tovg cvyypovovg tov. Epyalotav ce cyetiki amouévwon
oty llpaya, oev eiye onuovtiky xkalnyntixy oy Kot §Tav TEPIGEOTEPO YVOGTOS
WS PLA660Pos Kol BcoAdyos Kar o1 ws uabnuatikés. H aroudxpoven tov amné to
Havemotijuio  f§jrav oamotélecua tov udilov pilocrnactikdy (yia Ty £moyi)
ATOWEWY TOV Y10 THY TOAITIKI] Kol TN Ogoloyia.. AcKovoe KPITIKY GTHY TOMTIKH
Twv olaxpicewv (o1 Ilpoteotavres Toéyor ntav cvyvd Qvuara oiakxpicewv Twy
T'epuovay kalolik@v mov ciyoy KATAKTHOEL TH YADPA TOVGS) KAl EMTAEOV KATOIO
uéln s Pouoroxabolikns Exkxincios oveavacyetovoav ue 1o YEYovog 0Tl 0
Bolzano ypneiuonoiovee orig dralééeis tov arotyeio opfoloyicuod.
XaporTypietikiy gival § ppdcy Tov:
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To 101aitepo evorapépov pov yia ta pabnuatikd opeiletal Kvpiws ota Kabapd
vroletikd (eikaloueva) uépn Tov, ue dlio Aoyia, EKTHLD Hovo 1o uépog Twv
HoOnuatik@y oo ival TaVToOYPOva Kal PiAocopia.

OcoOpnua Bolzano kot vrapén pileg

—X* +4x-3, x<2
207. Aivetonn cuvaptmon f(X) = ’ . No e€etdoete av
2X—3, X>2
epappoleror yo v f 1o Bedpnua Bolzano oto didotnpa [0, 4] Kot va Ppeite

£<(0,4) térow0, dote f(€)=0.

e . X*+Xx-2, -3<x<2
208. Na amodeitete 61in ovvaptnon f(X)=4 | éyet
X —4x-5 2<x<6
pilec oTO draoTNHO (0, 6) Xopic va mhnpoi tic Tpodmobicelg Tov

Bewpnuatog Bolzano.

Yrapén piCag pe Bondntiki covaptnon

209. N amodeilete 6T vrbpyet & € (—2,0), tétot0, dote: &* +38° +26+5=0.

1
210. No amodeiéete 0T e&icwon — —e* +4 =0 &yel tovAdyiotov pia pilo oto
X

(0,2).

211. Aivovtar ot cuvaptioelg f, g cuveyeic oto R, yia Tig omoieg woydet:
f2(x) - g?(x) =-5x kar f(X)>g(X) ya ki x € R. Na amodeifete 6t
n e&icwon f(X)+g(X) =0 £&xetr tovAdyiotov pio piCe e omo106MTOTE

duotnpa (o,B) pe a<0 kor B>0.

212. Atvetan cuveyfi ouvapmon f:(0,+%0) > R yia v omola wyden:
2Inx —x < f(x) <In®x+ Xy kdOe x>0 . Na amodeifete 611 n ebicwon

f(x)= (e2 +1) Inx—x éxet tovhdyiotov e Aoon oto (Le).
213. Aiveton cvveyng ovvapmmon f iR — R yo v omoia woydet:

x+2< f(x)<e*?yua kdbe x € R. Na amodeifete 6T 1 ekicwon f(X)=e’x

éxet TovAdyotov e pice oto (0,1).
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214. "Ecto cuvapton f ouveync oto R pe civoro tipdv to R . Av n e&icwon
f ( f (X)) =X £yel ToVAdyIoTOV pio pila, va amodeifete 0Tt kot 1 sEicwon

f (x)=x éxet ovddyiotov pio pita.

215. Aiveton suvaptnon f ouveyng oto Ry tqv omoia 1oyvet
fz(f(x))+ f(fz(x))=3x2 Yo kébe xe R kar f(-2)=-2.
o) Na amodeyfel dmun eicoon f(x)=0 éxel tovkayotov wa pito oo R.
B) Av vmapyer & <0 tétoto, dote f(£)=E, va omodeibete Ot vbpyel

X, e(i,éz) této, dote f(X%,)=0.

216. Aivetar cuvapmon f ovvexfic oto [0,2] pe 0< f(x) <1 yw kabe x€[0,2]. Na

amodeitete ot vndpyet & €(0,2) tétoto, dote f 2(&)=f(&)-¢.

217. Aivovtar ot cuveyeic cuvapthioelg f, g ue medio opiopov kat GOVOAO TGOV TO
oldoTnpo [0,1] Av n f etvan yvnoiog adéovoa kKot g yynoiog edivovsa 6to

[0,1], va amodeitete dtL vmbpyer X, €(0,1) tétot0, DoTE:
(fog)(%)=(9°)(%)+2%" 1.

218. No anodeifete 6t e&icmwon X —Bnux=p*, B=0 &yt pia TovAdycTOV

BTy pilo mov dev vmepPaivet o 2B,
“Yrapén 2 tovhayiotov priav

219. Na omodeifete 6T n eéicwon X° — 24X +3=0 £yet tovldyioTov dYo pilec 610

(0,3).

220. No. omodei&ete 0T1 01 TapaKkdTo e£16MGEIC Exovv ToLVAdyIoTOV dV0 piles 6TO
(-2.1):

a) X+3x°-1=0 P) 2x*+x°-1=0 1) X®—2x* +5x* +x-1=0

221. Eoto ot mpaypatikoi apBpoi a.B,y,d pe >0, o+ P+y+8<0kon o +7y>0.
Na amodeiete 6T 1 e&icmon ax’ +Bx* +yX + 8 =0 éxet TovAdyioTov Vo pilec
o0 dtotnpa (—1,1).

222. Aiveton f: [2,6] — R ko cuveyng oto [2,6] . Na deiete 0T ekicwon:

f(x)+ 1 + ! + 1
X—2 X—-4 X-6

=0, &ye1 dvo TovAdyoToV pileg oto (2,6).
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"Yroapén povaotkav priov
223. No. omodeiéete 0T1 01 Tapakdton eEl6MGEC £xovv povadik pila ota

avtioTol o SlocTHHATO
a) X*+2x—-4=0 o10(1,2) PB) x*+2x*+3x—8=0 o10 (1,3)

224. No. omodeiéete 0T1n e€icoon —2In X +3cvvx =0 éyet axpiPmc pia pila oto

(O,TC).
Yrapén pilog o6& KAELGTO dra6TNHO

225. Aivetar cuvépmon f:[0,1] >R pe f(0)+ f (1) =0. Na anoderydei 61

e&iowon f(X)=0 &xeL TovAdyuotov pia pite oto [0,1].

226. Aivetar cuveyng ovvapmon f:[o,B] >R, o, B=0 yw mv onola woydet:
e*f(a)+e”f(B)=0.Na anodeitete 61 n eliowon f(X)=0 éys

TovAdyioTov o pita oto [o,B].
227. Aivetar cuveyng ovvapmon f 1R —[0,1]. Na anodeitete 6Tt vaapyst
X, € {0,%} té1010 dote f (MpX,)=npx, .

228. Aiveton svveyng cvvapmnon f:R—R pe f (1) = f(5). Na anodeifete Ot
vrapyet & €[1,3] térowo dote f(&)=f(£+2).

229. Aivetar cuveyng ovvapmon f :[0,2] »[0,1]. No omodeitete 6tL vnapyel
£e(0,2] térow0 wote f7(E)+&*=2f(€)+3.

230. Afvetar cuveyig ouvaptnon f :[1,2]—[0,1]. Na anodeitete 6Tt vrapyst

X, €[1,2] 1010, dote: F2(X,) =% F (%) =1—X,.
Yropén onueiov Topig Ypo@ik@v TopucTUGCEMY GUVAPTIGENDY
231.’Ecto f cvveyng oto [0,1] pe f(0)=-1 ko f (1)=4 .No Seifete 6tin

ypoeik Tapaotoon e f €yl tovAdyiotov éva koo onueio pe v gvbeia
y=X.
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232. 'Ecto f, g suvaptioelg cuveyeig oto [0, 2] kat tétotes dote f(0)<g(0),
f (2) > (2) . Na amodei&ete 6t1 ot Kapmoreg Y = f (X), y=g (X) TEPVOVTOL

TOVAQYIOTOV GE £VOL ONUELD UE TETUNUEVT X, € (0, 2 )

233. Ocwpodpe mv cvvapmon f cuvexig oto [0,1], yia v omoia 160l
3 < f(x)+x< 3x yax e [0,1]. Na deitete 611 n ypagikh mopdotacn e

€xel €va TovAdyoToVv Koo onueio pe v gubeic y=4x—1 oto (0,1) .
IMpoenpo suvaptnons-Evpeon tomov g f

234. Aivovtai o1 cvvaptioeis f, g cuveyeig oto f(X) = (X2 —5X+ 6) g(x) ywo ke

Xe [2,3] . Av ot apBpoi 2, 3 eivan dradoykég pileg g f va amodei&ete OTL
9(2)9(3)=0.

235. Aivetar suvéptnon g:R —R yie my onoia woybder: g(k)+g(rh)+g(pn)=0,
KA peR pe k#=A=p kot g(X)#0 yiokdBe X e R. Na amodeiEete 6tin g
elvar acvveyngoto R.

236. Ecto cuveyng ouvépmon f :[0,+0) — Ry v omoia wwydet otu:
f2(x)+xf (x)=4 yuka0e x>0k f(3)=—4.

X
) Na anodeitete 6t ovvapmon g(x)=f(x)+ 5 St 6tadepd

PO O, TO 0Tolo Ko va, Bpeite.
B) Na Bpeite tov Tomo g f.

¥) Na Bpeite 10 mAn0og tv Mcewv tg e&icwong f (x)=k, keR.

237. Aiveton cuvdptnon f cuveync oto [—1, 2] Yo TV omoia 1oyvEL
f3(X)=5f(x)+ f(X) =x* —=7x+12 ya kéBe x € R . No anodeifete otun f
dwatnpei otabepd Tpdonpo oto [-1,2].

238. Aiveton cuvaptnon f ovveynic oto Ry v omoia 1oyvet
f2(x)+3f (x) > x* +€* +2. Na omodeitete 6t 1 f Srotnpei mpdonpo oto R .

239. 'Eoto cvveyng ocvvaptnon f:R - R" yio v onoia woydet ot
f2(x) =x" +2x* =4 (x) —3y10. k6Pe X € R . No Bpeite: o) 1o f (1) B) o tomO
g f.
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240. No Bpeite ™ ovveyn oto R cuvépmon f yu my omofa woyder: f2(x)=e” ya
k@fe xeRkon f(0)=1.

241. No. Bpeite 11¢ ovvaptioelg f mov eivar opiopévec ko cuveyeic 6to R kat yio Tig
omoieg woydet 6Tt f2(x)=x>+2f(x) (1) yio k60e xeR.

242. Ecto cuvépmon f cuveyfig oo dibotnua [-3,3] yio v omoia oy0el
X*+ f2(x) =9 y1 kébe x € [—3,3] .
a) Na Bpeite 11 pileg g e&lomwong f(x)=0 .
B) Na deiete 6t1n cvvapmon f Statnpel o1abepd Tpdonpo oo (—3,3).
v) Na Bpeite tov tomo g fav f(0) =-3.

243. No, Bpeite Oheg T1C cvveyeic suvaptoelg  yia Tig omoisg 1oydet
f2(x)-3f(x)+2=0.

Yropén Typng g f peta&d %0 Tindv mc. Ocdpnpo svordpscmv Tindy
244, Av f (x) =x* +3x—4, vo anodeitete 6T 1 f maipver v Tiun 200 , dtov

Xe[2,4].

245. Ecto 1 suvépmon f ouvexic oto [o,B] kot yvnoimg ebivovoa oo [o,B].

No omodeitete ot vmapyet & € (o, B) téroto dote

f(oc)+f([3)+f(a2+5j.

f(6)= -

246. H ovvaptnon f eivar cvveyng oto [0,8] ko ywnoing avéovea oto [0,8] , var
Seitete 6T vIApyEL X, €(1,4) tétot0, dote
f(0)+2f(2)+3f(4)+2f(8)

f(x)= -

8

247.Ecto owvépmon f :[2,3] > R, 601 dote: f(2)=2, f(3)=3
f2(x) —3f (x) = x* = 2x y1a k40 X €[2,3]. Na anodeifete 6tin f dev eivan
ouveEXNG.

248. Ecto o cvvépmon f 1R —R tétoe dote f(1)=3 ko f(2)=5.Avn
egicoon f (X) =4 givor addvatn oto R, va anodei&ete 6T 1 cuvaptnon f dev
glvat cuveyng.
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Yrapén péyetng kon shayietng tyung g f

249. Aiverar suvapmon f ovveyng oto [a,B]. Av X, XX, €[a,B] kark, A, p
Beticol apBpol pe kK +A +p =4, vo amodeiete 6tL vdpyel & € (oc, B) ,T€T010
oote : kf () +Af (x,) +pf (X)) =41 (E).

250. H ouvépmon f eivar suveyns oto [1,4], va Seibete ot vmapyer X, €[1,4]
f(1)+3f(2)+5f(3)+ f(4)
10 '

této10, hote f(X,)=

251. Aivetar suvapmon f cuvexfic oto [o,B] pe f(X) =0 ywr kébe x €[a,B]. Av
X1 %o X, € [0, B], va Beilete OTL UTAPYEL & € (01, B) TéTOM0, DOTE

F©=yT) o) T(X).

Yovoro Tipdv - 'Yrapén piCag g f- Mpécsnpo Tyl g f amo épro

252. No amodeifete 6T e€icmwon InX+ x =€ 2 éyet Tovhdyiotov pia pila 610
(0, +oo) )

253. Aivetar suvapmon f cuveyfic oo Rpe lim f(x)=+00. Na amodeibete 61in

—+0

1
e&iowon f(x)—==0£yeL tovAdyuotov pia Oetucn pilo.
X
254. No amodeiéete 0T e&icwon e* +x—1821=0 &yt axpdg pio TpoyHaTiKy
pila.

255. 'Eoto 1 ovvépmon f(x)=e*+In(x+1)-1.
o) No Bpeite to cOvoro tipumv g f
B) Na Mboete v ekicoon e* +In(x+1)=1

256. Eoto cuvaptnon f :[L,3] > R. Av 1o cvvoro Tiudv g givat To Sidotnuo

(3, 5] , vo, oei&ete oTin f dev etvar cuveyng.

257. No omodeilete 611 eéicoon X +ax+B=0 , émov B>0 kat a+P+1<0 éel
TPEIG TPOYHOTIKEG PiCes.
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258. Eoto f :R—>R cvveync ovvapmmon pe f(X)#0 yokdbe xe R ko f(3)=5.

) ) -~ (f(®+3)x* —3x+1
Noa vroloyicete 0 0pro lim : .
X—>—00 X —+

259. Eoto f:R—R ocvveyng ovvaptmon pe f(3)=-5 xar— 1, 4 300 drodoyikég

. f(0)x*+2x+5
piCec g e&iowong f(X)=0. No vroloyicete to lim ()XZ# :
X—>+00 X +

YUVOVaOTIKEG

260. Atveron n cuvépmon f(x)=2x"+x+ 3 uexe[0,2] .
o) No dciCete 6T f eivan yvnoimg avéovoa.
B) Na Bpeite T0 GOVOAO TIHDV TNG.
¥) Na Seifete 6tim eéiowon f(x)=f(X) sivor addvorn.

. f(x)-1

261. Aivetarn cuvépmon f mov eivor cuvexfic oto [0,2] . Av IImL =16
=Znu(x-2)

Kot M ypapikn mopdotacn e f dpyeton amd v apyn Tv aEOvov, TOTE
a) Na deitete 6011 1) Cr Tépvel TovAdyioTOV G éva onpeio v Cqy , 6mov

g(x)=x*-x-2.
B) Na Bpeite to iﬁg% .

262. Aivetoun cvvaptnon g(x)=Inx+e* +x-1.
a) Noa Bpeite To GUVOLO TIUOV TNC.
B) Na dei&ete 6t yio kéOe o € R, m e€lowon T (X) =a €xer povadikn pilo.
v) Na Moete my e&iowon f(X) =e.
0) Na Bpeite 10 k€ R y10 10 omoio woyvEL:
e —e* =In(4k) —In(k? +4) + 4k — > — 4.

f2(x)-4
263. Aivetai cuveyng ovvaptnon f R — R, yio v omoia 1oydet: % =e"
+

Y kabeX e R .
o) Na amodei&ete 6t T dwatnpel 6T00epd TPdHOTLLO.
B) Av f(0)=-3, tote:

i) vo Bpeite tov tomo g f.

.. , . o F(X)+ 472
ii) va vroloyicete to 6plo lim ————
x—+0 ¥ 4 4%
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AHNEIPOXTIKOX AOT'IZMOX

Newton Leibniz Lagrange Cauchy
1642-1727 1646-1716 1736-1813 1789-1857

H peiéty tov Aoyiouot coviibwcs apyiler ue v pueléty twv opivv kar coveyidel ue
TOV OPIGUO TIS TAPAYDYOV KOL TOV 0LOKINPOUATOS , 01 OTT0I01 OPIGHUOL OIVOVTal UE
™y foibsia twv opiowv. Xty cvvéyela flémovus WS N TAPAYOYOS KAl TO
oLokijpwua fonbody oty emilvon wpofinudrwv. Avti § cepd givar avtieTpopy
amo TV 16TOPIKY TOPELo AvATTVENS TWV EVVOLDY AVTHV.

H évvora s epantoueviis gvbeiag givon and mold waiid, yvwory 6tovg Apyaiovg
Elingves yewuétpes onmwg o Evkicions (350 n.X.- 270 m.X.), o Apywunong (wep. 287
n.X. - wep. 212 n.X.) xar Awoiiovios o Hepyaiog (mwep. 262 n.X. - mep. 190 n.X.).
Ilpwtor o1 Evdolos war Apyiunons acyolfbnxoy ue tov vmorloyicuo OyK®mV
OTEPEDY KAl EUROODY KAUTOAWY EMPAVEIDY (0TS TaPafoil]) avdyovros to. o€
abpoicuara ceipav. O Apyyuong s16yyaye ETIGNS TH XPIGI TOV ATEIPOELAYIGTOV
TOGOTHTWY 1] ATEIPOCTAVY P10, TH UELETI] ETIPAVELDY KAL OYKDV.

Ty xpijon twv arnsipootdyv yio T UeAétn TV poOudy uetofolins uropodue va ty
Ppovue ota Ivowkd puolnuarixd, icws and to 500 u.X., é6tav o acTpovouos kai
nabnuatiés Aryabhata (476 u.X. - 550u.X.) xpnowonoince ameipoctd yio va.
ueletijoer ™y Tpoyid tis Leivns. H yprion twv ameipoctdv yio Tov 0woloyicuo
poOuy uetafoiijc avarntiyOnke onuavrikd arxoé tov Bhaskara II (1114 p.X. - 1185
u.X.). Ilpayuari, vrootypilerar o6t1 6To Epya Tov umopovy va Ppefovy moliés amo
TIG KUPIES EVVOIES TOV SLAPOPIKOD AOYIGHUOD, OTTWGS YIA TAPAOEIYHA TO Ocpua Tov
Rolle. O IIépons pabnuarivés Sharaf al-Din al-Tist (1135 p.X. - 1213 pu.X.) fjtav
0 TPAOTOS TOV OVIKIADWE THY TAPAYWOYO TWYV TOIVOVOUWY Tpitov Labuov
(Kofikadv mOIVWVOUOY), EVva GHUAVTIKO OTOTELEGCHA GTO OlAPOPIKO AOYIGUO . XTO
épyo tov "Ipayuareia otis eéiooers’ avémrvée évvoies mov oyetilovral ue to
OlaPOoPIKG A0YIGUO, OTWS 1 TOPAYWYOS GOVAPTNOY Kal TA UEYIOTA KOl
EAYIGTA KOUTTVAWDY, HE GKOTO VA AVGEL KOPIKES ECIGMOEIS HE EVOEYOUEVMS UM
Octinéc Avoeis .

H ocvotnuatiki evacyoinon ue mpofiiuara mov oofynoeay oty o10uopeOcy Tov
ATLEIPOGTIKOV AOYIGHOD dpyice KaTd Tov 170 aidva.
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Ta ucydlao mpofinuata Tys Emoyis mov Empene va. extlvfovy frav:

o O vm0loyIGUOS TS KAIGHS TS EPATTTOUEVIS GE CHUEIO KOUTVINS

e O kaBopicuds tns TayvTNTAS KOl THS EMITAYVVONG EVOS AVTIKEWUEVOD OV
yvapilovue ™y covaptyon Oéons tov Kal § ebpeon THS covdpTHoNS Béons
TOV OVTIKELUEVOD EAV YYWPISOVUE THY TOYVTHTA 1} THY EXITAYVVGH TOD

o O vm0l0YIGUOS UNKDY TOEWY Kol OYKOV KOl ETXLPAVELDY CTEPEDY

o O vOLOYIGUOS TWY OKPOTATMV TWV TPOYIDYV OVTIKEIUEVWYV, EIOIKA TMWV
Pinquarawv.

O Barrow (1630 — 1677) édwoe pio pé00d0 vmwolovicuov epontouévay e Koumviy,
OOV 1 EPOATTTOUEVY €IVaAL TO OP1O0 (UE GHUEPIVY 0pOoAoYIa) uias yopons, Kabws Ta
dKpa g yopons nineialovy uetald tovs. Avt n diadikacia gival yvo ot ©S T0
Awapopiro tpiywvo tov Barrow.

To dwapopixo Tpiywvo tov Barrow

Koz o Torricelli (1608 — 1647) kar o Barrow acyolj@nkav ue to mpofinua tns
kivgons ue uerofollouevy toyvtnta. H moapdywyos ts amdoctacns eivar n
TAYUTHTO KOl § avTioTPoPl Oladlkacio HAS TdEl A0 THY TOYUTHTO OTHY
anootacy. Me avtov TOV TPOTO dPYIGE VA OlAPAIVETOL 1] ERMIYVWGCH THS
avTioTPOPNS OladIKAGiaS THS TOPAYOYICHS Kal mapolo mov o Barrow dev
olaTvnwoee woté pntd 10 Oguelinodes Ocwpnua tov Aoyicuod, epyaloTay yie avto
Kal To £pyo Tov 0loKijpwae o ualdntic tov Newton.

oot pabnuatikoi covéfaiav ety oradieky avdrtoln tov loyicuov, ot Fermat
(1600 -1665), Descartes (1596 — 1650), Pascal (1623 — 1662), Huygens (1629 —
1695) yia va avapépovue uovo uepixovg.

Avtoi Tov Oswpodvror Osuciiwtés Tov Aoyiouod sivar o1 Leibnitz (1646- 1716) ko

Newton (1643-1727).

O: Newton ko Leibniz avriuerdmoav tic Osuclicdddeis évvoies Tov anelpooTikob
HE TOAV OdrapopeTikovg tpomovs. O Newton Oeswpovoe tic uetafintés g
uetafaiiopeves covaptiicel Tov ypovov, eve o Leibniz Oswpovsce ta X kar Y wg
uerafailoueva petalv areipa kovrvay tiuav. Eciyaye to dX kar dy w¢ drapopés
owooyikeyv tucov. 0 Leibniz géepe 671 to dyldx diver Ty epamrouévy aiia oev
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Oscopnoe avty Ty 1010THhTA KaBopicTiky. Amo Ty diiy, o Newton ypnoiuomoince
TIS TOGOTNTES X' Kot ', 01 OTOIES HTOAY TETXEPACUEVES TAYVTHTES, YIO VA, VITOLOYIGEL
™y epoamtouévy. PuGIKd 0UTE 0 Evag 0UTE 0 JAAOG GKEPTOVTOVGAY HE OPOVS
COVAPTIGEMY OAAL HE OPOVS PPOPIKDY TTAPACTACEDY.

Eivau evdiapépov va mapatnpiicovue oti o Leibniz siye mifjpny exiyvwon the
GHUACIAS EVOS KAL0D GOUPOIIGUOD Kol CKEPTOTAY TTOAD 710, GOUPOALN VO
xpyouoronjcel. O cvufoilouoc tov taiprales KAAVTEPA GTHY YEVIKEVGH TOD
20916100 TOLLOTADV UETABINTOY Kol TOVISE TOV alyoplOuIKs yopaKTipa THS
TaAPAYDYov KAl TOV oLokipauatos. O Newton amo tnyv diiny, Eypape TEPIGGOTEPO
Y10 TOV £QVTO TOV, TAPA Y1 OTLOLOVONTOTE drro.Mmopovue va Bswpijcovus
JOVTPIKG TPEIS TEPLOAOVS GTHY £CEAEN TOV Aoyicuov: Tyv mepiodo kata Ty omoia
01 uaOnuaTikoi ypyoIuoToIoveay TEYVIKEG IOV TEPLLAUPavay AmEIPES O10OIKACIES
Y10, THY EVPECH EUPAODY KAUTVAWVY 1] HEPIGTOY O1APOPWY TocoTTWY. THY TEPiodo
Katd Ty omoia o1t Newton, Leibniz é0soav ta Osuélia kar evomoinoay dieg tig
TEYVIKES VIO TV GTEYN THS TAPAYDYOV Kol TOV 0ok npouatos. Tyv mepiodo tns
aveTypis Osucliowons tov Aoyieuodv ané rovg Cauchy (1789 — 1857), Weierstrass
(1815 — 1887) xou Riemann (1826 — 1866), ot omoiol eravadiatinwaeay tov
Aoyioud pe 6povs Opimv avti TV ATEPOCTTOV TOV YPHOIHOTOIOVVTAY KAl OTA
omoia opeileTal Kal 0 YoparTypicuos Ancipootikog (Aoyiouds) kai to cvufoio dx.
H oJwapopion Exel epopuoyés oe 0ies oyedov tis emiotiues. lio mapdderyua,
OTH QUGIKI] 1] TAPAYWYOS THG HETATOTIGNS EVOS KIVOUHUEVOD CAOUATOS GE CYECH HE
TO YPOVO EIVal 1 TAYVTHTA TOV GCOUATOS, KAl I TOPAYWYOS THS TAYVTHTAS (OGS TPOS
70 xpovo eivar i emrdyvven tov. H wapdaywyos tHs opuijs vos cuotos 1600tal
HE TH OUVOuN TOV AGKEITOL GTO GMHO, OVIOIITAGGOVTIS OVTH THY TAPAYDY0
oonyei oty mepipnuny eficwon F = ma wov oyetileton ue 1o OcvTEPO VOUO TOL
Nevtava.

O fabudés ovridopacns wiag ynuikRs ovtiopacnys sivalr  pia  mopdymyos.
2Ty emyeipnoiaxy Epevva, o1 Tapaywyol Kabopilovy Tovs T ATOTEAECUATIKOVS
TPOTOVGS Y10 THY UETOAPOPU DAIKDV KOL Y10 TV CYEOLATCI EPYOCTOCIMY.

O1 Tapaywyol ypRoeIHOTOIOVVTAL GVYVA PLo. VO DT0L0YIGHOVY TO UEYIGTO Kol TO
glayieto uiag oovdptons. O e£16MOGEIS 7OV  TEPIEYOVY  TAPAYDYOVS
ovoudlovral o1apopikés eEI6MOCEIS Kot gival  OguelldOgls yia Ty TEPIYPOPN
TV QUGIKAOV PaIVOUEVOY . Ot TaPAY®YOL Kal 01 YEVIKEVGEIS TOVS Eupavilovral o€
072006 TOUEIS TOV UHaAONUATIKGOY , OGS 1] HIYAOIKI] AVAiVGH , 1] COVAPTHGLAKY
avaiven , N O1OPOPIKI] YEWUETPIA , 1) Ocwpia uétpov Kar n apypyuévy diyefpo.
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https://el.wikipedia.org/w/index.php?title=%CE%94%CE%B5%CF%8D%CF%84%CE%B5%CF%81%CE%BF_%CE%BD%CF%8C%CE%BC%CE%BF_%CF%84%CE%BF%CF%85_%CE%9D%CE%B5%CF%8D%CF%84%CF%89%CE%BD%CE%B1&action=edit&redlink=1
https://el.wikipedia.org/wiki/%CE%A7%CE%B7%CE%BC%CE%B9%CE%BA%CE%AE_%CE%B1%CE%BD%CF%84%CE%AF%CE%B4%CF%81%CE%B1%CF%83%CE%B7
https://el.wikipedia.org/wiki/%CE%95%CF%80%CE%B9%CF%87%CE%B5%CE%B9%CF%81%CE%B7%CF%83%CE%B9%CE%B1%CE%BA%CE%AE_%CE%AD%CF%81%CE%B5%CF%85%CE%BD%CE%B1
https://el.wikipedia.org/w/index.php?title=%CE%9C%CE%AD%CE%B3%CE%B9%CF%83%CF%84%CE%BF_%CE%BA%CE%B1%CE%B9_%CF%84%CE%BF_%CE%B5%CE%BB%CE%AC%CF%87%CE%B9%CF%83%CF%84%CE%BF_%CE%BC%CE%B9%CE%B1%CF%82_%CF%83%CF%85%CE%BD%CE%AC%CF%81%CF%84%CE%B7%CF%83%CE%B7%CF%82&action=edit&redlink=1
https://el.wikipedia.org/w/index.php?title=%CE%9C%CE%AD%CE%B3%CE%B9%CF%83%CF%84%CE%BF_%CE%BA%CE%B1%CE%B9_%CF%84%CE%BF_%CE%B5%CE%BB%CE%AC%CF%87%CE%B9%CF%83%CF%84%CE%BF_%CE%BC%CE%B9%CE%B1%CF%82_%CF%83%CF%85%CE%BD%CE%AC%CF%81%CF%84%CE%B7%CF%83%CE%B7%CF%82&action=edit&redlink=1
https://el.wikipedia.org/wiki/%CE%94%CE%B9%CE%B1%CF%86%CE%BF%CF%81%CE%B9%CE%BA%CE%AD%CF%82_%CE%B5%CE%BE%CE%B9%CF%83%CF%8E%CF%83%CE%B5%CE%B9%CF%82
https://el.wikipedia.org/wiki/%CE%A6%CF%85%CF%83%CE%B9%CE%BA%CF%8C_%CF%86%CE%B1%CE%B9%CE%BD%CF%8C%CE%BC%CE%B5%CE%BD%CE%BF
https://el.wikipedia.org/wiki/%CE%9C%CE%B9%CE%B3%CE%B1%CE%B4%CE%B9%CE%BA%CE%AE_%CE%B1%CE%BD%CE%AC%CE%BB%CF%85%CF%83%CE%B7
https://el.wikipedia.org/wiki/%CE%A3%CF%85%CE%BD%CE%B1%CF%81%CF%84%CE%B7%CF%83%CE%B9%CE%B1%CE%BA%CE%AE_%CE%B1%CE%BD%CE%AC%CE%BB%CF%85%CF%83%CE%B7
https://el.wikipedia.org/wiki/%CE%A3%CF%85%CE%BD%CE%B1%CF%81%CF%84%CE%B7%CF%83%CE%B9%CE%B1%CE%BA%CE%AE_%CE%B1%CE%BD%CE%AC%CE%BB%CF%85%CF%83%CE%B7
https://el.wikipedia.org/wiki/%CE%94%CE%B9%CE%B1%CF%86%CE%BF%CF%81%CE%B9%CE%BA%CE%AE_%CE%B3%CE%B5%CF%89%CE%BC%CE%B5%CF%84%CF%81%CE%AF%CE%B1
https://el.wikipedia.org/wiki/%CE%98%CE%B5%CF%89%CF%81%CE%AF%CE%B1_%CE%BC%CE%AD%CF%84%CF%81%CE%BF%CF%85
https://el.wikipedia.org/wiki/%CE%86%CE%BB%CE%B3%CE%B5%CE%B2%CF%81%CE%B1
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Hapdaymyor

Joseph Louis LAGRANGE (Topivo 1736 — Ilapict 1813)
T'diiog pabnuotinos Kar acTpovouog, E10IKEVUEVOS OTH
HavIKy.

Ilopolo mov 'Hrav avrodidaxtos ota uolOnuatixd, oe
nlxio 19 etov (1755) owpictyre xabnyyntiis oty
otpatiotiky cyoij tov Topivo. To 1756 o Lagrange
evronwoiace tov Euler ue ta oamotreléopara mov &iye
TOPAYEL ATTO TNV EQPAPUOYY] TOV LOYIGHOD TOV UETAPOIOV
oty unyovikyy. To 1759 idpvoe us tovg ualntés tov uia
EMGTHUOVIKT ETAIPIO TOV APYOTEPA HETECEAYONKE TTNY
Aradnuio Emetnudv tov Topive. Yrijple npocdpos g
Axaonuias Emotiuov tov Bepoiivov (1766-87) kar o
apotog kaOnyntiis t™s Avdivens otnyv mepipnun Iloivteyviky Xyoi tov
Hopieios (Ecole Polytechnique) n omoia 10ps0nke o 1794 (épyo tnc Fadlaxiic
Emavdoracng) .

To ormovdaibétepo épyo tov, «Avalvtiky Muyyoavixipy (Mécanique analytique)
onuooicvTre o 1788 kau eivar alloonueioto ot ypyoyonoince Ty Oswpio twv
oapopikayv eélowoewy . Me 1o Epyo To0 AVTO peTaudpewee THv Muyoviky o€
KAddo tis Mabnuazikiyg Avdiveng. O id1og Eypaye oty sicaywyij:

Aev Oa fiper kaveic oyfjuata 6e avto to épyo. Or uéBodot mov Exw avamtiéel
0ev ypeIdlovTal 0UTE KATAGKEDES 0VTE YEWUETPIKA 1] UIYAVIKD ETXLYEIPHUOTA, AILd
HOVo alyefpikég npaders
.H mpoorabeia tov Lagrange va xabiepaoerl aniés xar kabolikég apyés yio ™)
Muyavikyy ovveréleoe oty eCéén s ualnuatikis avilvens. O1 Epevves Tov
ovvifaiay oty avarrtolny Tis Oswpios aprOuav, tins diyefipag, s padnuatikis
xoproypapios Kol THG acTpovouios. Xto épyo tov otypiytyke o Cauchy
TPOKEYEVOD VO, ODGEL AVGTHPOVS OPIGUOVS Yld TO OPlo, THY TAPIYWY0 KOl TO
oLoKApOua.

'Eva Osopnyua tov Lagrange

‘Eva a6 ta wpoidtepa kor kouyotepo Oewpuata tis Bewpias aprbuwv givar to
Agyouevo “Osadpnuo TV TECCAPWYV TETPAYOVOV” TOV Lagrange, coupwva ue to
onoio:  “Kale Octikos axépaiog api@uos umopei voa ypogesi cav dlpoicua
TEGCAPOY TETPAYDOVWY akepainv”. H armodelilny tov Oswpyuatog, tyv omoia édwaoe
t0 1770 o Lagrange, &civou 1dwaitepa evorapépovoa, kalamg ypnowonoisi tn
“uéfodo tns kabooov”, éva 16 yvpo epyaleio s Oewpias aprBunv.

H oamodeién tov Ocpijuatos OlEVKOLIVVETAL 101AITEPA ATO UIA TAVTOTHTA TOV
Euler, mov Jéet ot1 av xi Yi (i=1...4) toyovres akxépaior apibuoi, Tote vITAPYOVY
aAKEPaLOL 71,..,24 (mOV exppalovral ue amwio TPOmo amo ta Xi Vi) TéT0101 DGTE:
(422 ) (V2 + vyl +y2 )= (22 + 221224 22).

Anladn to ywvouevo 060 apibuwv, mov ypdpovrai cov abpoicuata TEGCGAPOV
TETPOYOVOY, PpdpeTal &emicns oav dOpoicua teoodpwy TeTpaydvey. Avto
onuaivel 0t1 ylo va ociCovus to Oewpnua, apkei va to ocifovus yio mPOTOLS
apiBuovs. Béfara dev yvwpilovus (tovidyicTov oyt axoua) av to Bedpnua 16yvel
yIa TOVS TPATOVG.
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I'pogikég tapaoctdosg

264 310 duthavd oyfjua divetor n ypagikf mapdotoon
uioag cvvaptmong f ko n epantopévn g €, 6to
onueio A(2,(2)). H & oynuartiCer pe tov 6Eova

XX yovia 120°. Na vroloyioete ta f'(2) o f(2).

265.210 Suthavd oyfjua, divetor 1 ypa@iky Topdotacn

uiag cvvaptnong f ko €1, €2 eivor o1 epantopéveg
ota onueio A, B avtictolyya. No vroloyicete
TN TG TAPACTOOTG:

f(-3)f'(4)+f(4)f'(-3)

o f(-9)-F(4)

266.210 Suthavd oyfjua divovral ot ypagikég
TOPUCTACEL; TV cuvaptioemv f,g kot evbeia &,

nov gpantetal e C, o610 A(—2,f (—2)) KoL Tng

C, 010 B(Z,g(Z)).
o) Na vroroyicete ta f(-2), g(-2).

B) Na anodeitere dtu: 8F'(~2)g'(2)=g(2)—F(~2). - 02 gyt 2. X

Opropdg Topay®yov

Evpeon f'(X,)

267 Na gEetdoete av gival Topay®yiGUYLES 6TO X, Ol TAPUKATO CUVAPTACELS :

\V3x2 +4

X< 2

. .. 2nux  ,x<0
i) f(x)= =2 ii) f(x)= =0
)H00=13, 0,00 %=2 1) 10 {me a0 O %0
8
3
-5 x<l . 3x*+5, x<1
i) f(x)= 1 oto X, =1 iv) f(x)= cto X, =1
—2 X>1 6x+2, x>1
X+

o1
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268.No anodeitete 60TL o1 TApaKdT® cvvaptioelg givon mapaywyioues 6to X, =0 .

2
X = X+mnux, X<0 1,x¢0

X*nu=
o) f(x)=1 x 0 . ) f(x)= L
Inx DX 0  x=0

Evpeon f(x,) omd avicotiki oyfon

269.Aivovtat ot cuvaptoeig f,g: R — R, yua 11g omoieg woybet:
f(x)<g(x)< f(X)+(x—e)® 1 kéBe x € R . Av 1 f eivon mapayoyicym oto
X, =€ pe f'(e) =3, va deiete 611 g'(e) =3.

270.Aivovtat ot cvvopticeis f,g napaywyiowes oto X, =0 yia 116 omoieg 1oydeL:
f(x)+0(X)=2nux+1 yakabe xe R.Av f(0)+9(0)=1, va anodeitere otu:
£/(0)+g'(0)=1.

271.Aiveton ovvaptnon f R — R, napayoyicun oto X, =0, yio v omoia woyvet:
| f(x) —3x| <np’x ywo k60e xeR.

’ o _ f(9x)- f(X)
f'(0)=3. T oy
a) No amodeitete ot1 ( ) B) IX'E;‘ f (2x)

272.Aiveton m ovvaptnon f, Tapoaywyioun oto Xo = 0 yuo tnv omoia 1oyvEL
o F3(X)—x-F2(X)+x2- f(X)<x* +nu’X yuw kébe xeR.
o f(0)>0

No vroloyioete v f ’(0).

Evpeon f'(X,) amd oxéon w66TnTog

273.Aiveton ovvaptnon f 1R — R nopaywyiown oto X, =0 pe
213(x) - 2nux- F2(x) + x> f (x) = 2x® — xmu’x .Na anodeitete 6t f'(0) =1.

274.Aivovtat ot cuvaptioelg f,9: [0, 5] — R, yua tig omoiec woyver: g(Xx) =2xf (x)
yio. kGOe X € [0,5] . Av ot f,g eivan mapaymyiowyes oto X, =2 ko f'(2)=0, va
anodeifete 011 9'(2) =21 (2).

275.Aiveton ovvaptnon f 1R — Rrapayoyicwn oto X, =1pe
f3(x)+2f(x) =x* —3x+2. Na Bpeite 10 f'(1).
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Evpeon napopétpov

3x* -1, x<1
276.Aiveton ovvapmon f(x)= L Na Bpeite o a,feR Y10 ta omoio
oaX+p, x>1

n f eivon mapoayeyioyn oto X, =1.

277 Na. vtoloyioete TIG TIHES TV TPAYUUTIKOV aplOUdV A,U, Y10 TIG 0T0IES 1
X +pux, x<1
ovvapmon F(X) =1 2 1 axs1 . gtvar mapaywyiown oto X, =1.
_—, X>

X+1

, va. Bpeite ta o, € R €101 dote n T va

2
278.Av f(X)= 20X+ 34+ x> ,x<0
2nux+p x>0

gtvar mopaywyioyn 6to X, =0.
Hopaymyog Kol cvvEysia

279.Av f cuveyng oto X, = 2 ko y1a kGbe X € R ioydet : g(X) = (x° —3x +2) f (X) ,va
anodei&ete 6L g givan mapayoyioym oto X, =2 pe 9'(2) = f(2).

280.Aivovtat ot cvvopticels f,g: R —> R, 6mov n g givor cvveyng 6to X, =p Kot
wyvel f(x)= |x - p| -g(X), ywo kéOe x € R Na amodei&ete étin f eivan

TOAPUY®YIGIUN OTO X, =p , av kot povo av, 1o p givar piCa g e&icwong g(x) =0

f3(x),x<1

281Eoto n cvvaptnon fue f(l) = 1 ko f'(I) =2 xoun g(X) :{ , .
ax“ +p,x>1

Noa Bpeite ta a, f ®ote N g va givor Tapaywyicyn oto 1.
Hapaymyos ko 6pra

282.Aiveton ovvaptnon f R — R cuveyng oto X, =1 yo v omoia woydet :
lim fl+h)+3
h—0 h

=5.

a) No amodei&ete 0tin f eivon mopaywyioun oto x, =1.

_ 2f(X)+ X +x+4
B) Na vroloyicete t0 dpro IIrTll (x) ) :
X—>. X p—
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283.Alveton cvvaptnon f ovveyng oto X, =0, ywa v onoia wydet:

f(x)—2x

fim X =2y

x—0 X

Noa amodei&ete ot

f(X)+Xnux—2x
a) f(0)=0 B F(0)=2 ) lim )2
*x—0 1-cvvx

MMopaymyos kot airayn peTafintig
284.Aiveton ovvaptnon f cuveyng oto x, =2 pe Ein&M =3.

Noa amodei&ete 0Tl :

a) f(2)=0 B) n f etvar mapayoyioywn oto x, =2.

, , . - f(x=3) ,
285.Alvetan ovvapmon f cuveyfig oto X, =-3pe )I(I_r)rtl)— = 2016 .Na amodeitete
X

o6t nf eivan mapayoyioyn oto X, =—3 kot va Ppeite mv f'(=3) .

286.Aiveton ovvapmon f iR — R mapaywyion oto X, € R. No anodeitete otu:
F (% +h)+ (% —h)-2f (%)

o) lim =0
h—0 h
B) LiHgf(x0+2h)—2fh(x0+h)+f(xo):0
f? 2h)—f? h
im0y ()
. F(x,+h)—f(x,—h ,
5) Ihlﬂg (0 ) (0 )=2f (XO)

nph

287 Na amodeitete 6tL av pio cvvaptnon f eivar mapaywyicun 6to Xo, 01€ :
o) Ihlng f(x, +5h) = f(x,)

f(x, +5h) - f(x, —5h)

B) lim - =101'(x,)
v) lim P06 +8) = 100) g5 (). 10,
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OeopNTIKES

288.Atverar ovvaptnon f 1R — R, mapayoyiown otox, =4, pef'(4)=0. Na
f(3x+1), x<1

sivol Topaymyiciun oto
f6x-2), x>1 PAYEYIOHN

amodeiEete 6T cuvaptmon g(X) = {
X =1 peg'(1)=0.

289.Aiveton ovvapton f : R — Rropayoyicyn oto 0 ko oto 1y tyv onoia
f(2x) ,x< !
woyoet: f(0)=F(1).Av g(x)= 2 o amodeifete OTL M

1

f(2x-1 =
(2x-1) , x> 5
g eivau apayoyicun c1o % av ko povo av f'(0)=f'(1).

Iopay®myos Kol 6LuVEPTNGLOKES GYECELS

290.Aiveton cuvaptnon f 1R — R yua tv omoia woyvet:
f(x+y)=f(x)+f(y)—xy yiaxéde X,y e R.Avn f eivar napayoyicym cto

X, =0, va deilete 6Tt etvan mopaywyioyn oo R.

291.Aiveton ovvapton f:R - R, nopaywyiown oto X, =0, pe f'(0)=5 ko
f(x+y) = f (X)ovovy+ (Y)ovvx, yia kabe X,y € R. Na arnodeiete ot n f eivan
napaywyiciun oto R.

292.Atvetar cuvapmon f:R — R, yia v onola wyvet ot f(x+y)=f(x)f(y)
kar f(X)> 0y ke X, y € R .No omodeibete otu
o) f(0)=1
B) Avn f etvar cvveyng oto X, =0, td1e etvan cuveyng oto R.
T) Av n f givon mopayoyioyn oto X, =0 kot woyver f'(0)=1,16te 0 f eivon
napoyeyiown oto Rpue f'(x)=f(X)yokdbe xeR.
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Hopaymyos cvvaptnon — Kavéveg mapayoyiong
Kavéveg mapayoyiong

293.Na. Bpeite TIg TAPOYDYOVS TOV GUVOPTHCEDV.
2x® 3x?

a) f(x) =x"-5x*+2x+ 1 B) f(x)=T—T—kx+x
Y) f(x)=ﬁ+2cyovx+ex+ln73 0) T (X) =nux+5Inx + edx
g) f(t)=3—x>+eot oT) f(m) = Nuo —3ocvve + gpa

294 Na. Bpeite ™ Tapdymyo TV TOPAKGT® GUVAPTHCEDV:

a) f(x)=x’Inx ) f(X) =x’e*nux 7) f(x)=t-e* -npx
_x-2 _Inx _nex
d) f(x)= i1 g) f(x)= " o1) f(X)= .

Hopaymyog cvvOeTNg GLUVAPTNONS

295.Na Bpeite, 6mov opilovtal, TV TAPAY®YO TOV TAPAKATH GUVAPTHCEDV:

x> —x ,X<0 x> +1 ,Xx<0
“ f(X)z{x3+x x>0 B)f(x):{gwx x>0

X +x , x<1 xsnpl, x#0
" f(X):{Zx3+3x—1 x>1 0 ()= X

’ 0, x=0
296.Na Bpeite N TOPAY®YO TV TOPOKATO GUVOPTHGEMV:

o) f(x)=(x-3x%)" B) f(x)=e" ) f(x)=-2In’x
8) f(X)=muBx+2) g) f(X)=cuov(-nux) o7) f(X) =cvv(e")
O f()=ocov(2x’+x*) ) f(x)=dnu’x 0) f(x)=3"">

R e R e R
nu

297 Na. Bpeite TIg TOPOyDYOVS TOV GUVOPTHCEDV.

o) ()= B) f(0=4x
7 f(X)=xx>0 8) f(x)=x"*x>0
&) f(X)=@+x)% x>0 o7) f (X) =35 x>0
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298 Eotm n mopayoyiciun cuvaptnon f: R— R . Na Bpeite tnv mapdymyo g
ovvéptnong g otov:

@ g(x) = (26 +5) B) g(x):f(—2x)+f(§j

" g(x) =ocuvfi(x) 3) g(x)=In(2+ F*(x))
g g(x)=nmuf(x)-e'™® ot) g(x)=f3Ee™).

299.Aivetar cuvaptnon f apaywyicun oto R yio tv omoia ioyder f (Xg) =6x*+1
i k6Pe X € R . Novmohoyioete o f'(1) kon f7(0).
300.Aivovtar o1 mapaywyiciueg cuvaptioelg f,g: [O, +oo) —> R v 11 omoieg

woyver: f(x)=e’®  Na omodeilete otu: (0 =3g'(0).

t(0)

Hoepaymyor avotépas TaEng

301.Na Bpeite T dedTEPn TOPAYDYO TMV TAPOKAT®D GUVOPTHCEMV:
4 3

a) f(x)=%—%+x2—3x+2 B) f(x)=xInx
7) F)=vx*+3 8) f(x)=n—;o(

nu2x ,x<0

302.Aiverar n cvvaptnon f(x) = f (x) ={ . Na d¢iEete 6L f eivan dvo

2XoLvX, X >0
POPEG TOPAYOYIoUN.
OeopnTIKES

303 Eoto n mapoywyioyn f :R—R . No decifete Ot :
o) Avnfeivon pria, toten ' eivon mepreen.
B) Avn feivormepurty, toten ' elvon Gpria.

304.Na Bpeite molvdvopo P(X), Y10 o omoio 16ydet [P’(X)]2 =8P(x) +1, yia k60e
xeR.
305.Atvetarn svvépmon f(X)=(x—p,) (x—p, )x , K,AeN* p ,p,eR.Na

f'(x) K A ,
= + Yo KGOE X #p; KOLX # P, .
f(X) x-p X-p,

amodei&ete OtL:
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306.Na vroloyicete o mapakdaTm dpio:

e -1 e —¢? e —e _Inx-1
y) lim 8) lim
x>l x—-1 x—0 X x—>e X —g@

o lir
Hapaymyos ko svvaptinookés oyéseis-llapaywyos avrioctpopng
307.Aiveton mopaywyiown cvvapmon f:R — R, yio v omoio woyvet:

f(x+y)=T(X)—f(y), yioa kébe X,y € R. Na anodeicete 6Tt f'(x)+ f'(y)=0.

308.Aiveton Topayoyioyun covaptnon, f:(0,4+0) =R ywa v omoia woyvel
f(xy)=f(X)+ f(y), yro kébe X,y €(0,+0). Na anodeitere 611
xt'(x)—yf'(y)=0, ywkdbex,y>0.

309.Aivetor cuvaptnon f 1R — Ry my onofo woydet 6t f°(x)+3f (x)=x—2
yio kébe X e R.

a) No anodei&ete 0T 1) f aviicTpépeton B) No vohoyicete to ( f! )r @.

310. Eoto n ouvépmon  f(X)=In*x+x°
a)No Bpeite to cHhvoro Tipdv g f kar va Seilete 611 vdpyel n cvvapnon 2
B) Av Bempricovpe yvootd 6t 7 eivar tapayoyioyn , va Bpeite v

() .

311/Eocto n cuvépmon  f(X)=e* +In°x+4,x (1,+x)
a)Na deifete 6T1 VIapyeL ) suvaptnon f ' ka va Ppeite To mEdio opiopoy TG

B)Av Bswpicovpe yvootd 6tin ™ eivar mapayoyioym , va Bpeite v
() ®

312.Aiveton n cuvdptmon f(X)=e* +x+2, xeR.

o) Na anodeilete 0t f avriotpépetar  B) Na vroloyicete ro( ft )I (3).
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Eg@antopévy

Gottfried Wilhelm LEIBNIZ (1646 — 1716)
=2 I'evviOnxe oty  Aawio, unnpxe o670
Havemotijuio 15 ypovwv kor mipe T0
wroyio Tov ota 17. Xvvéyice Tis 6mOVOES
Tov oty Aoyiky, Ty Dilocogpio kar THv
Nouikyp ka1  ota 20 teleiwoee Y
ooakxtopikij owaTpify tov oty Nouikij Kai
opyotepa  kar  otyv  DPllocopia. H
evaocyoinen tov ue ta Mabnuatikd dpyice
oty nlkio TV 26 E£TOV 0TO THY
xkaBodnynen tov Christiaan Huygens, &ve
PpioKoTay 6 OIMAMUATIKY OTOGTOM] GTO
Hlapicr cto omoio ka1 Sucive yia técoepa
xpovia. To 1676 eméotpewe otnv I'epuavia
07OV Kal EPYACTIKE Y10 GOPAVTO. XPOVIA (G
ovufovios yia tTov Exiéxktopa  Tov
Awvofepov. Ilapbio mov n kapiépa Tov
oy apiepouévy oty Nouiky Kol TH
Aidwuatia, 1 covelepopd tov ota Malnuatikd §Tov aveKTiunTy.
To ovepo ™S {ws Tov HTAV § ONUIOVPYIA HIOS (TAYKOGCUIAS PADCCOSH 1} HIAS
«ovufolixnyg Loyikiicy n omoia Qa mapeiye npoToma Kar Qo aVTOUATOTOI0VGE O)1
HOVO ap1BunTikovs vm0LoYIGUOVS alAd Oles TIS OladIKacies THS avOpadmvis
AOYIKNG OKEWNS Kal Oa EAayIGTOTT01006E TOV TIVEVUATIKO uoyBo tHs povtivas Kai
TV EXAVALAUPAVOUEVWY fudTmv.
‘Eypaye ordpopa piiocopikd dokipia, 0nws «A1dioyog mept ustapooikic» (1685),
«Aoxiuta mepi avOpaomivys vonensy, «Aokipio wepi Ocodixios » (1710), omov
npocnabei va coupiiimecel Ty dmapln Tov Kaxov ue Ty vropén Tov Kalov Ocov
(vrooTypilovras ot1 0 KéGuOS dev umopel va eival télelog emeldn tote dev Oa
OIEQPEPE aTTO TOV 1010 TOV Ol Kal 0Tl Evas KOGHOS YWPIS PUGIKES KATAGTPOPES, Ba
EpyoTav ag avtifson pe TOvS VOUOVS THS PUONGS Kal Ba yIvoTay aKiouo YEipoTePog).
To ovoua tov Leibnitz eivar avamdcracta cvvdedeuévo ue tn onuiovpyia tov
oapopikot Aoyicuov. O Leibniz avémrvle ta facikd yapaxtypictikd Tov
Aoyicuodv tov oto Ilapicl. Tov Nodufpio tov 1675 ypnoiuonoinece yia tpoty popa
o¢ éva yepbypago, tov cvuPoiicud | f(x) dx. Zro ido yepdypapo supdvice Ko
oV Kovova, TS mapayayiens yvouévov: d(xy) = ydx + xdy Méypt to 1676 ciye
avaxalvyel tov témo: d(X") = nx"1dX ka1 yia axéparo alid kai yia kKlacuatiké n.
2Ty mepipnun mpoyuateio tov «Néa puéfdodos mepi xabopicuov ueyictwv kot
glayiotovy 10 1684, sionyaye 11 Pacikés Evvoieg TOv ATEPOCTIKOD AOYIGUOD.
Eypape: «Amé tH yv@don avtod TOO AOYIGHOD TOV EPHD OVOUAL® OLAPOPIKO ...
Umopel v’ emitevyQody Ta uéyioTa kot o EAAYIGTA ... KAOMS Kal 01 EPATTOUEVESH.
O Leibnitz exiong natéyel e&éyovoa Oéon ato ydpo twv Mabnuatikdv kot yio Ty
amlotyta TV cvufolicunv tov. To 1678 Eypape ta £€ng:
«Ta ocvufolia Tpénel va ETOUDKOVUE VO EKPPALOVY HE GVOVOTTIKO TPOTTO KAl GYEIOV
va gikoviCovv Ty eodTATH YUGN TOV TPOAYUdTOY, Yot Tote fonbody Bavudoia
T™HY TPOGTdlela TOV TVEVUATOCH).
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O1 uéypt kat cuepo. yproipomolovuevol coufoiicuoi tov Leibnitz yia to diapopixo
dx, dy, y1a to oloxiijpoua ws dbpoicua ancipoctdv opboywviowv ue bwog Y Kat
Pacn dx, /§/dx, KATAOEIKVUOVY TO OG0 WOV 0 cvufolicuds kair § opoioyio tov
TaIP1ILovY ATOIVTA HE TO ETMIGCTHUOVIKO AVTIKEIUEVO TOD.

O Joyicués tov Leibnitz xabietd tovg upabntéc wavois va avryuetwmilovy
TPOPAUATO TOV AOYIGUOV TA OTOI0 TOAIOTEPO GROITOVGAY THYV 1010QVIG EVOS
Apywunon i evog Nedtwva.

E&iocmon spantopévig 6€ yvooto onpeio

313.Av f(x)=x%-16x , va Ppeite 11 E10doelg TOV epantopévay e Cr ota
onueio Topng ™ 1e Tov dEova X'X.

314.Aivetan n suvépmon  f(X) =In(2+e*) . Na Bpeite v epantopévn g Cs

oto onpeto g pe tetaypévn Yy, = In3 .
2

315 Ectw 1 cuvéptnon f(x)= x*, x>0 . No amodeifete 6T1n epomropévn e C,

1
oto X, =1 oynuorifel Tovg dEoveg Tpiymvo ne epuPadd E = rk

316.Aiveton mapaymyicyn cuvapmon f:R—R, pe f(X+cvvx) =e* +e*, yia
kd0e x € R. Na Bpeite to gufaddv Tov TPLy®VOL TOV GYNUATICEL 1) EQOTTOUEVT
mg C; ortoonueio A(1 f(1)) pe toug dovec.

E&iodoseic epamtopévav pe dyveooTto To 6npeio emagig

317.Aivetan n suvépmon f(X)=x*—3x+2 . Na Bpeite mv eéicoon g
epantopévng g Cr, dote va :
a) Zynuatifet pe tov d&ova XX yovia @ = 135°.
B) Eivou mopdddnin oty gubeia € : 3Xx—y+2=0 .
v) Eivor xéBetn oty diyotopo g yoviag xOy .
0) Eivon mopddinin otov dEova x'y .

318.Na Bpeite v e&icwon g epomtopévng g Cr mov ivon:
1+Inx

o) TopdAANAT otV gubeia y=2X, av f(X)=2x+

B) kabetn oty gvbeio X+3y+1=0, av f(x):3x—l?(—zx :
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Evpeon napopétpov

319.Aivetar n cvuvaptnon f(x) = ax® +px% +9x-2. Na Bpeite to. a, fe R doten
epamtopévn g Cr oto onpeio g M(2, -10) va etvon kaBetn oty gvbeia
€:Xx—3y+1=0.

X* +ax+p,x<1

320Eotm n ovvaptnon f(x)= v . Na Bpeite t1g Tipée tov o B,y € R
—, X>
X

®ote va opiletar epamtopévn ot Ypaeikn tapdotaocn ( ¢ ) g f oto onpueio
™mg A(l, f (1)) ,n onoia va. glvon TopdAinin oty gvbeio 3x—y+3=0 .

2

321.Aivovtat ot cvvaptioelg f(X)= X _28 ko g(X) =x* —4x+A . No Bpeite 10
X+

L eR, dote n epantopévn g C,; oo onpeio M (0, f(0)) va epdmretan ko

omC,.
Eg@antopévn wov diépyetar amd yvorotod onpeio

322.No Bpeite v e&icmon g epomtopevng g Cr e f(X) =x° +1 mov
diépyetan amd to onueio A(0,2) .

323.Na Bpeite onueio A ot ypapiki tapdotacn (¢) g cvvaptnong f(x) =e*
TETO10 MOTE 1] €POTTOUEVN TNG (C) 6TO A Vol di€PYETOL O TNV apy1 TV 0EOVDV.

324.Aiveton 1 suvapmnon f(X)=ax’ +Bx+y, a,fe R, y,x R Kot 10 onusio
A(k, k) Av and 10 A Gyovtar dvo gpamtopéveg tpog v C, , va amodeifete 6T

o’ —ah+ay+axB>0.
H gv0sia £ epdnteran ot Cr

325.Aivetar n suvépmon f(X) =x* —2x+3. Na deifete 6Tum evbeian: y=2x—1
epamrerar g Cr.

326.Na amodeiEete Otim gvbeion Y =—X epdmteTonl 6T YpOPIKy TapEcTacn TG
ouvapmong f(X)=x°—6x° +8x. Xt cvvéyeta, vo Ppsite To onueio emagng kot
vo g€etdoete av 1 evbeia emavatépver v C;, .
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327.Aiveton n cvvaptnon f(x) =1In (X +x° +1) , x>0 . No amodeifete 011 0 GEovag

X'X dgv g@amreTon 6T Ypapikn topdotoon g f.
Kowég epantopéveg

328.Aivovrtat ot suvoptioetg f(x)=x+x* —5x—1 kot g(X)=x*-2x—3. Na

Bpeite Tig eQamTopeveg TV C,,C,, oTO KOWE TOLG onpeio.
X2
329.Na amodei&ete 0t 01 Ypopikéc TapacTdoelg Tov cuvaptioemy f(X) = > Ko

2

X +x-1, i , , , , ,
g(x)= 2— £YOVV KOV EPOTTOUEVT] OE EVOL OTHELD, EVE Ol EQUTTOHNEVEG
X

oe évo GAAo onpelo givon KaOeTes.

330.Ecte f(x)=x*+xkar g(x)=x"—-2x+3.Na efetdoete av 01C,,C,

O€YovTal KON EQATTOUEVN.

331.Aivovtar ot cvvaptioeig f(X)=—Inx kot g(x)=e™*. Av A givan to onpeio
topng g C; pe tov XX kot B 1o onpeio topng g C, e tov Yy, vo

omodeifete 6Tin gvbeia AB givor kown epamtopévn tov C,,C, .

Mn kowég e@anTopéveg

332/Eotm ot cvvapticelg f, g e f(x) = g(—%j . Av 1 evBeiam : y = 2X eplmteTan
X

e Cy 010 Xo = - 1 va Bpeite v epantopévn g Cr oo X1 = 1.

333/Eoto f po mapaywyicun oto R cuvaptnon yia v onoio wyvet f'(2) = 1 ko g
1 ovvaptnon mov opiletar amd v wotnta g(x) = f(eX+1) -2, xeR.Na
dei&ete 0TL M epamtopévn g Cr oto A(2, T (2)) epdntetan tng Cy ot0
B(0,9(0)).

334.Aivovtat ot cuvaptioelg f,g:R —> R, 6mov n g givar mopayoyioyn oto R, yio
g omoieg wyvet 6t f(X)g(x)=1 ko g'(X)=-g(X) yw ke xeR.

o) No arodei&ete 0T f elvon mopoywyiowun oto R.
B) Av g€, givor eQATTOLEVES TOV YPAPIK®V Tapactdcev Tav f,g ota onpeia

A(k, f (k)) kot B (k, g (k)) avTioTor (L, O1 0TOiEC TEUVOLV TOV GEOVA ¥ ) OTa

onueio M kau N avtictoyyo, va amodei&ete Oti:
i.g Le, ii. (MN)=otabepd
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PvOuog perafoing

335.A00 vAkd onpeia A kot B kivodvton mdve otovg GEoveg X'X kot 'y
avtiotoya. Av ot 0écelg Tovg KGbe ypovikn oty t(sec) divovron amd Tig
ovvaptiocelg X(t) =t* —t ko y(t)=4—t*, va Ppeite To puOUS petaforic e
peta&d Tovg amdoTUoNG T XPOVIKN otiypn t =1 sec.

336.Znueio M xaveiton oty TapaBorf] y = 2x? (X > 0). Av o puOudc petafornig g
teTpunpévng etvai 3 cm/sec ) otrypn mov 1 anodctacn O M tov onueiov amd v
apyn tov a&ovov ivar /68 cm va Bpebdei:

a) 0 puOuog petafoing g TETAYUEVNS

B) o pvOudc petafoing Tov eppadod Tov opboywviov Tov €xel TG OVO TAELPES
TOV 6TOVG GEOVEG Kot Staydvio OM.

v) 0 puOuodg petafoing g yoviag 6= MOX

0) 1o onpeio 6oL o1 pLOUOl peTaPOANG TV GuVTETAYUEVEOY TOL M gival icot.

337.Aiveron opny yovia xOy kot to guBOypappo tuqpe AB uinkovg 10m tov onoiov
ta akpa A kot B oloBaivovy mhve otic mhevpés Oy kar OX avtictoyo. To
onueio B xweiton pe otabepn| toydmro v=2m/sec koimn 8éon Tov Thve GTOV
a&ova Ox divetan omd ™ ovvaptnon S(t) =u-t, te [O, 5] , OTIOV t 0 YPOVOC o€
SecC.
a) Na Bpeite to epfadov E(t) tov tpryddvov AOB g cuvaptmon tov ypovov t.
B) Na Bpeite to puOud petafoing tov epPadov E(t),  otyun kotd v omoia

T0 punkog tov OA egival 6¢cm.

338.Y ko onpeio kwveitan eni tg koumdAng y = xInx, x>0 . No Bpeite T 06om tov,
TN YPOVIKN GTIYUY KOTO TNV 07oio 0 puOudg HeTafoAng TG TETAYUEVNC TOV,
etvat SmAGo10¢ 0mtd 10 pLOUO HETAPOANG TNG TETUNUEVNS TOV, OV YVopilovue OTL
0 puBuog petaforng g teTunuévng tov onueiov givan BeTikog.

339.Aivetar cuveyng ovvaptnon f iR — R yia v onoia woyvet

. f(3x-5)-1
I|mu =12.

x—2 X—2

0) Na anodeifete ot i. f(1)=1 ii. f'(1)=4

B) 'Eoto () n epamtopévn g ypapikng topdotacns g f oto onueio

A(l, f (1)) Eoto onpusio T mov kiveital 6tV (€) ,Ue TETUNUEVN HEYAADTEPN

. . , .3 :
oand 1, tng omolag 1 tayvINnTO Elvon Zcm /sec. Na Bpeite:

i) To puOUd petafoing g TeTOyHEVNG TOL X
ii) To puOUS peTaforng Tov eufadol Tov Tpryd@vov OAX.
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340.Ectm 1 suvéptnon f(x) = x°.'Eva onusio M(a, f(a)) pe a > 0 wweiton ot
C ;€101 MOOTE M TETUMHEVN @ Vo peTafdaiieTon pe poOpo 4 cmfsec. Av
OA L OM é6mov A e C, xar O n apyn tov a&ovev, va Bpedody :

0) Ol GLVTETAYUEVEG TOV A .

B) to euPaddv Tov Tprydvov MOA .

v) 0 puBuog petaforng Tov epPadov Tov Tptyd@vov MOA, T YpOVIKY GTIYUY
Kot TNV omola eivon o =2cm .

341.3¢ opboydvio chotpa avapopds OXy divetar 6Ti To onueio M(X,y) kiveitol o€
tunpo g evbeiog (8) : x+y—2=0 pe 0 <x <4 . H npofoln ov onueiov M

otov GEova x'x xveitar pe pbud 3 cm/sec Na Bpebovv ) ypovikn otiyu 7,
katd v omoio (OM) =+/10cm:
a) o puBuods petafoing g andotaong (OM) .

B) o puBude petaforng g yoviog $=M Ox .

342.Avo avtokivita A kot B kivovvtatl og Tapdiiniovg Spouovg tmv omoinv n

anootaon h etvar 400m Ot toyvTnTeg TOUG £ivon u , = 40 % oc KM

u, =30 "% cc I xpovikn otrypn £, mov to B PBpioketan de&idtepa Tov A katd

d=300m, vo. Bpebei 0 puOudg petaforng g peta&d tovg andotoong S otav :
a) T0 A Kwveiton aprotepd Kot To B de€ia
B) kot ta dvo de€La
Y) 6TV TEPITTM®ON TOL KIVOUVTOL KOl Ta, d00 TPog Ta 0e€1d o€ OG0 Ypdvo T0 A
Ba PBpioketor axpiPaoc anévavtt amd 10 B ;
@ x (®B)
r—_ b
"1
R
]
l

1

L 3
fe—d—>8 >

343 Eva kivnto Sravoer Ty tpoxid mov éxet efiomon 2 x° y —xy” +x—3=0 xaun
T OTNTO TOV MG TPOG TOV GEova TV X givar 2 ”% e’ Noa Bpebel n toydmra

TOV MG TTPOG TOV GEOVE TMV Y TN GTIYUN TTOL JEPYETAL 0td TO GNUEID TNG TPOYLAS
Tov (3,0) .
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344.Avo opdkevipec opoipec HeTaBAALOVY TOV OYKO TOVG £T01 DGTE TO 6TEPED GYfUQ
7oV Ppioketal avapesd Tovg (Koidn opaipa) va dtatnpei otabepd To TAYOG TOL
d. No anodeiybei 611 0 Xoyog Tov puOuov petafoing Tov dGyKov g Koiing
o@aipag Tpog To puBUd HETABOANG TNG GCUVOAIKNG TNG EMPAVELNS (ECOTEPIKNG
Kot eEMTEPIKNG) 100VTAL UE TO GO TOL TAYovG TG d .

345.Av 0 puOudc avénong g TEPUETPOV £VOG IGOTAELPOL TPLYdVOL givan 277 sec

va Bpebel 0 puBROC avENoNG TOL VYOV TOL KAl TOL EUPAOOD TOL T GTIYLN| TOL
1 TEPIUETPOG TOL glfvon 3mM .

346.Zyowi pAkovg [ =13m eivar mepoaocpévo and tpoyodio A mov Bpicketor o Hyog
h = 6m and 10 £3a¢og . AvOpwrog oo onueio K kpatmdvrag to oyowi
amopakpvveton pe taydto u = 0,1 % cc €161 MGTE Vo, VYOVETAL TO Bdpog B.
Noa Bpebel n ToyvTnTo. avdywong tov Bapovg B dtav avtd Ppicketat og vyog 3m.

‘/z////l/,

Z7ITTITIII I i 7t eee
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1
347 Inpeio A kweiton mévo oty nopaforsy y = 5 x*, x>0.NaBpedei 0 poOpodg

petafoing tov epPadov tov opboymviov OBAI 1 otiypn mov 1 mpofoin B tov

A otov OX kweiton pe taydtnra u =1 ”/

sec
y
o L/
|
Pl
] —P
0 ) X

348.Aiveton tpiywvo ABT pe Baon BI'=10 kot vyog AA=6 . 'Eva onpeio M kwveitat
omd 1o B mpog 1o A pe togvta 0,5 cmfsec. Av KAMN eivat to eyyeypappévo
070 Tpiymvo opBoymvio, va Ppedel o pubudc petafoing tov ufadod tov 6Tav To
onueio M Bpioketon otn péon tov BA .

Osodpnua Rolle
Yro0éoeig - Zopmépaspa Tov O. Rolle

349.Na e€etdoete av 1oydet o Bedpnua Rolle 6Tic Tapakdt®m cuVEPTAGELS, T
avtioTtorya dtacTiuaTo. TN cuvEyelo va Ppeite Oha ta & € (oc, B) , Ylo. T, ool

woyoer f'(€)=0.
a) f(X)=+3x-x",xe[0,3] B) f(x)=x"—-6x+8, xe[2,4]

2_4, x<0

X x? —8x X<2
f(x)= '
N ) {—x3—4, x>0

, Xel|l1,3
x> +x-10, x>?2 e[13]

xe[-11]  8) f(x) ={
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350.Aiveton cuvaptnon f mapaywyicun oto [2,3] pe 3f (2) =2f (3) , VoL amodei&ete
ot

f(x
) Epappoletar to @edpnpa Rolle 610[2,3] yia v cvvépmon g(x) = ) :
X

B) Yrapyer & €(2,3) tétot0, dote &F (€)= f (§).

Evpeon napopétpov
oaxX+p,0<x<1

351.Na Bpeite 10 a, B, ¥ € R dote yio ) ovvéptmon f(X) =
Bp By it cuvéptnon f(x) {yx2+20x—9,1£x£2

vo. .oyvovv ot vrrobécelg Tov @. Rolle oto [0,2].

ax? +4x+B, xe[-10)

o, B,y eR . Na Bpeite
X*+yx+1,  xe[0,1] By bp

352.Aivetar n cuvdptnon, f(x)= {
T a, B, v, dote va gpapudletor yio v f o 8. Rolle oto didotnpa [—1, 1] .

353.Av 1 eéiomon x* +2x% +oax® —120x+1=0 0. € N* &gl 1600£p1C TPOYULATICEG
pileg, va Ppebel n Ty ™G TOPAUETPOL a.

T'sopeTpikn eppnveio Osopripartog Rolle

354.Aiveton n cuvaptnon f(x) =(a—PB)x° + (20 +p)x* —3ax, o, B, xeR. Na
amodeitete OTL vapyet TovAGIoTOV éva onpeio M (&, f(E)) g C, pe £<(0,1)

, TET010, ®ote 1 gpamtopévn g C; oto M, va eivon TopdAinin otov aEova

X'X .

355.Aiveton n cuvéptnon g pe g(X) =2x> —x—1 Na deyret 6t vrdpyst y Tov
SlooTNHOTOG (0,1) TETOL0 OCTE M ePAmTOpEVT (€) TG Ypoikng tapdctacng C
g g oto onueio M(y, g (y)) glvan mapdAAnin pe tnv gubeia mov mepvaegl omd
ta onpeia A(0, g(0)) ko B(1, g(1)).Na Bpebei n e&icwon g (¢).

356.Aiveton topayoyioyn covapmon f:R —R ya v omoia woydet o1t

2 2
f(x)=1+ # 11 k60 X € R Na omodei&ete 6t1 vmépyet onueio M tng

YPOQIKNG mapdotaocng g f pe tetunuévn mov avrkel oto (0,1) ,0TO 07010 M
EQUTTOUEVT] €lvan TapdAANAN 6TOV GEova Y.
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Avtumopoayayion- Yrapén pioc g f pe epappoyi tov O. Rolle ywo v F

357.No 8eitete ot n ebiowon 2017x*° —2016(a + 1)x*° + a=0,aeR &t pa

tovAdylotov pila oto (0, 1).

p

358.Av yia tovg apBpovg a,B,y,8 e R woybdet %+ 3 + % +8=0, va amodeifete 0TI

etiowon ax’ +Bx° +yx+8 =0, &xeL TovAdyotov pia pia oo Sbotua (0,1).

359.Aiveton cuvaptnon f, dptia ko mopoyeyicym oto [-2,2]. Na anodeitete o1t

vrapyet &€ (—2, 2) , tét010, BOTE

@) f'(g)+nue=8 ) f'(g)=2¢e" ) 1'(&)-MuE—EovvE =0

360.Ectm cuvaptnon f pe tig ddmrec :
e sivol ouveyng oto dotnpa [a, B] kot Tapaywyicun oto (a, B)
o f(o)-f(R)=0’-P"

Na anodeitete otivmapyet & € (o, P) Tét010G, Dote va woyvet f'(€) =3E%.

361 Ecto n cuvépmon f n onofa etvor cuvexfig oto [0,3] kon mapoyoyicyn oto

(0,3) pe f(0)=4f(l). Na deitete d1in e&iowon f'(x)=— f(x) éxer o

x*+3

TovAdyotov pila oto (0,3) .

362.Atvovtar ot cuvaptioeis f,g mapaymyioes oto [2,3] pe 9(2)=3,9(3)=2 ko
f(3)— f(2)=—1 Na deitete 6T vmapye & €(2,3) dote f'(9(€))-0'(§)=1 .

363.Av pa cuvapmon f eivor suvexig oto [0,1] , mapaymyiown oto (0,1) ko
wybder f(x) =0 yokabe x €(0,1), va deitete onrvmapyer & €(0,1) tétowo dote
f’ 1 1
ffeo__1,.1
f(e ¢ 1<

364.Aiveton pio cuvaptnon f ovveyis oto [0,1] ko mapoywyioym oto (0,1) pe
f(1)— f (0)=1. Na deifete 6t1 vmapyet éva Tovddyotov &€ (0,1) térowo dote
. 3832874
="
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365.Aiveton mapaywyicn cvvapmon f :[O,g} — R, o v omola woydet:

f(0)=2f (g] . No amodeifete 6tL vmpyet & € (0,%) 141010, HOOTE

f'(&)oovE+ f (E)MuE=0.

366.Aivovtat ot cuvaptioels f,g, cuvexels oto o, B], mapaymyiowes oto (a,B) ko

—;EZ)) = % Av g(x) =0 v ke xe[o,B] kar g'(x) =0 yw kébe x € (o, B),
va anodeitete ot vmapyel & € (o,B) tétowo, dorte: _;,’ES)) _ % .

367.Aiveton pia cuvaptnon f ovveyig oo [0,1] kar napaywyioyn oo (0,1).
Av 1 ypagikn mapdotaon tng f téuvel v evbeia ¥ =X ota onueia
A(xl,f (xl)) Ko B(xz,f (x, )) ,vo. Seifete OTL LAPYEL EVOL TOVAGYIGTOV

£<(0,1) této0 dote f3(&) f'(€)=¢€".
Evpeon apykng pe tolhorhosioopd tng e

368.Aiveton cuvaptnon f mapaywyiown oto [0,1] pe f(0)=ef (1) . Na amodeitete

otun ekicwon f'(X)+2xf (x)=0 &gl pa TovAdyotov pita oto (0,1).

369.Atvovtar o1 mopaywyices cuvaptioets f,g oto [3,4] pe f(3)=f(4),9(3)
piCa g eliowong e +e* —2=0 «a g(4) pie mg X* +x=0.Na amodeilete
ot e&iowon '(x)+9'(x) f(x)=0 éxer o tovrdyotov pia oto (0,1).

370.Aiveron cvvaptnon f nopayoyioyn oto R . Na anodeitete 611 n e&iowon

F/(x)= 21xf (x)

— &xel P TovAdytetov pila oto R.

371.Aivetor cuvaptnon f opiopévn kat cvveyng oto [a,B], Topayoyicun oto (a,p)

X(p-a
ue f (a):eK(ﬁ s (B),x,2eR". Na amodei&ete 0tL vmdpyet E€(a, B)
1€t010 Wote «f'(&)+Af(§)=0.
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372.Aivovtar o1 cuvaptioeig f,g,h, 6mov N f eivar mapaywyicun oto R,

g(x)=f(a)x—e* h(x)=Ff(B)x—€", a <P, y1a 11g omoieg 1woyvet 611
(goh)(x)=(hog)(x) yia k&be X € R . No amodeibete dtivmdpyer &R
tétow0, wote f'(&)—F(£)+1=0.

373.Aiveton svvapmon f napayoyiown oto [0,1] pe f(1)—f(0)=1.
) No amoderyfet ot vmapyet & € (0,1) tétoto, dote: f'(€,)=2€,.
f(1)-1-f(&,)
éz -1

B) No amoderyfei ot vrapyet &, €(0,1) térow, dote: f'(&,)=

Yrapln pilag g f"(x)=0

374.Aiveton cuvaptnon f, §%o opé mapaywyioym oo, B], af<0, pe
f (o) = f (B) = f (0) .Na anodeitete 61 vndpyer & €(a,B), této10, doTe
f"(€)=0.

375/Ecto f:[2,6] >R o cvuvapmon 3 gopés napaywyioyn oto [2,6] pe
f(2)=f(6) xau f'(2)=f'(6)=0. Na anodeitete ot1 vrapyel& € (2, 6), 010
dote : O (&)=0.

376.Atvetar cuvaptnon f 0o gopég mapayeyiown oto R pe f(0)=1, f(1)=e-1
kv f(2)= e’ —8 Na amodeifete 6TL vIapysL & € (0,2) téroro, Gote

fr(€)+65=¢e .

377.Atveran cuvaptnon f d0o popés mapaywyiown oto R pe f(1)=1,
f(2)=4-1In2 xa f(e)=e’-1.No anodeilete 6T vndpyet & € (1,€) éto10,

oote f"(@)—é—lz—Zzo.
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To ol v pilec-Eig dromov amaywyi-Movadikotyta priov

378.Aivetar cuvaptnon f, cuveyng 6o [OL, B] , TOPAYOYICUN GTO (OL,B) , Ue

f'(x) #0 yo k6Be x € (., B). Na anodeilete 6tin f avriorpépeta.

379.No anodeifete 6T m e€icwon e —x* +X—2=0, &yel T0 TOAD 3 TPAYUATIKES
piCec.

380.No omodeitete 6T m e&iowon Axe* =e, Le R*, xe R, éyet 1o moAd 800
TPUYLOTUES .

381.Aivetai n dvo popéc mapaywyiciun cuvdpmon f: (2, 3) — Ry v omoia
wyver: f(x)f"(x)>0ywkabe x €(2,3). Na anodeitere 6111 e&iowon

f'(x)=0 éyet o moAD pia pita oo (2,3).

382.No amodeifete 0L o1 mapokdtm eEodoels Exovv akptdg pia pia oto (1,2).
a) X*=2-3Inx B) x* +x* =30—20x°

383.Na amodeitete 0t 01 mapokdto eEichoelg £xovy akpiPag pio pila:
a) X—Mux+x*=0 P) e¥* -3 +15e"-2=0 7y) e +x’=e".

384. Aivetar cuvaptnon f, Tapayoyicun oto [—2, 2] , YLOL TNV OTo10 1GYVEL:
6xf (x) = (3X2 —12) f'(x), yie ké0e x €[-2,2]. No amodeifete otu
o) f(2)f(-2)=0 B) H f &yer pia tovddyiotov pila oto (-2,2).

385.Aivovtat o1 cuvaptioeig f,g napaywyicipes 6to R, yia T1¢ omoieg 1oyvet:
f'(x)g(x)—f(x)g'(x)#0 ya kébe x € R . Na amoderyfei 611 peta&d dvo

dradoykmv piav g e€icmwong f (X) =0 vrapyet axppog pio pila tng

e&lowong f(x) =0k avrioTpdpas.

386.Aivetar mopayoyiciun covapmon f :R —R. No amodeiEete Oti:
o) Meta&d dvo dadoyikav pilav mg e&lowong f(X) =0, vdpyet TovAdyoTOV
uia pila g e€iowong f'(x)=0.
B) Meta&h 600 dadoyikmv piiav g e&icwong f'(X) =0, vrdpyet o TOAD pia
pila ¢ e&icwong (x)=0.
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Yuvvovaopnég Osopnuatov
387 Eotm cuvaptnon f, mapayoyicun oto R, yio v omoia ioydel Ot
f(3)<0< f(4) ko f(5)f(4)<0.Naanodeitre 6tun Cr éxet piot tovrdyioTov

EPATTOUEVT] TAPGAANAN TTpOg TOV dEOoVa X X,

388.Ecto cuvapmon f, napayeyioym oto [1,4], ywo mv omofa woydet 6tu:
f(1)+ f(2)=f(3)+ f(4). Na anodeitere 6Tt vmapyet & €(1,4) ,tét010 doTE:

£(€)=0.

389.Ecto napayoyioiun cuvapmon f:[0,3]—(0,+0) ue f(0)f(1)=f(2)f(3).
No anodeifete 011 1 ypapikn mopdotacn g f 6&yeton oprldvtio epantouévn.

"YrapEn onueiov g Cr mov 1 gpamtopevn diépyetan amd onpeio

390.Eoto wo cuvaptnon f, cuveyfic oo [a, B], mapayoyicyn oto (o, B) pe
f(a)="f(B)=0 kot C & [0, B]. No deiere ot

f(x)

X—C

a) yu v G(X) = , 0mov C ¢ [a, B] epapuoletar to Bempnua  Rolle oto

[(l, B].
B)avc ¢ [o, B], Tote vrdpyer €, €(a, B) TéT010 doTe M epomTopévn g Cr 610

(CO, f (CO)) va, diépyeTan oo to (C, 0).

391. Aivetor suvaptnon f, suveyng oto [1,3], mapayoyiown oto (1,3), pe
3f(@) = f(3) . No amodeitete 6t vmapyet & € (1,3), té1010, GOTE 1) EQATTOUET
¢ C; otoonueio M (&, f (F,)) Vo S1EPYETOL aTd TNV 0pYN TV 0EOVOV.

392.Aivetar 1 suvépmon f(X) =ax® +Bx* +yx+38, a >0, n onoia &yt Tpeig
TPAYUATIKES Kot avioeg pileg . Na amodei&ete Ot
a) H e&icwon f'(x) =0 éyxet dvo piles p,,p,, HE Py # P, -
B) B* >3y
) 7(py)+ £"(p,)=0.
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O.M.T.
Egoappoyéc ©.M.T. 6c yvoet f- Zyéesig yia typég g f - 'eoperpukn eppunveia

393.Na amodei&ete 011 1oy0eL To O.M.T. Y10 TIG ETOUEVEG GLVAPTHGEIS GTO OVTIGTOLYO
ST KO OTH GUVEXELD Vo Ppeite Ta & yia Ta omoia 1oybEL To Bedpnpa.

o) () =x-x*, xe[1,2] B) f(x)=e*, xe[01]
x* =X x<1
f(x)= ’ , X€|0,2
N 1) {—x2+3x—2, x>1 [0.2]
, . nx , .
394.Aivetor n ouvapmon  f(x) = 1 Na deiéete Otu

a) 1oyvovy ot Vobiselg Tov @.M.T. yio tnv f 610 Stdomua [e,e?]

B) vrapyst Tovréyiotov éva & € (e,€?) tétoo dote (&) <0

1
f -
7 f(&)> :

395.Aivetat cuvaptnon f, tapayoyiciun oto [1, 3] , Yo TV omoia oyvel f(3)=12
kot f (1) =4. Na anodeiete 011 vIdpyel oNpeio TG YPUEIKNG Tapdotaong g f,
070 0moio M eQamTOUEVN elvan TapAAANAN oty evbeio Yy =4X—2.

396.H cvvépmon f eivar mapayoyiown oto Rkt f(a)=p, f(B)=a pea<p .Na

deytel OTL VIAPYEL EPOTTOUEVT] TNG KOUTOANG Y = f(X) kdBetn otnv gubeia
X—y+3=0.

397 Ectw cuvéptnon f cuvexfig oto Stdompa [0, 2], mapaymyicwun oto (0,2) xau
f(2)=f(0)+4 . Na anodeifere ot1vmapye & € (0, 1) tét0106, GOTE VO 16YVEL

f'e=2.

398 Ecto cuvaptnon f napayeyioyn oto Sibompua [o,p] pe f(x)>0, yio k6be
f'(€)
f ((X) _ (a*ﬁ)T&) .

f(B)

x €[a,B]. Na anodeitete o1t vmdpyet & e (o,B) tétoto dote :
399.Aiveton suvaptnon f napaywyioyn oto [0,1] pe f(0)=3, ko f'(x)<2
i ke X €(0,1). Na anodeitete o1t f(X)=2x+3y10 k60e x €[0,1].

400.Aiveton suvapmon f cuveyng oto [o,B] pe f(a)=o, f(B)=P xa f'(x)<1

e k60 X €(o,B). No amodeitete ot f(X) =X yw kabe X €[a,B].
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401.Aiveton n cuvaptnon f(x)=e*—x*,xeR . No amodeilete 6TL vndpyovv

X, % €(o.B), o, BeR térow, dote: f/'(x)+a+p=e2.
Evpeon opapétpov

2x* +1,-1<x<1
402.Aiveton ) cuvaptnon f(X) =
ox® +Px+2,1<x<2

o) No Bpeite ta o, B eR dote va wwydet 0 ©.M.T. 610 dtbotnua [-1,2]
B) Na Bpeite 1 £ e(-1,2) dote 3f'(£)=f(2)—f(-1).

ax? +px,x<1

403.Aivetou n suvaptnon f(x)=1<1 . Na Bpeite ta a, p dote vo 1)dovV
= X>
X

ot vroBéoeig tov O.M.T. yia v foto [0,2] kat petd vo Adoete v eicmon
2f'(x)=f(2)-f(0) o0 (0,2).

404.Aiveton cuvaptnon f mov eivan cuveync oto [a,B] kot tapaywyicyn oto (o,p),
karoxder f'(X) <5 yuwkabexe(a, B) . Av f(a)= —a® +50.— 25 kot

f (B)ZBZ +B+ 9, va deilete 61t a0 =5 kP =-3.
Awaipeon dwwoTHpoTOC

405.Aiveton cvvaptnon f rapayoyiown oto [a,B] pe f(o)=3Bkar f(B)=3a.Na

amodeibete dTLvmbpyovv &;,&, € (a,B), tétowa dote: () + f'(E,)=-6.

406.Atvetan svvaptnon f napaymyioyn o10[0,9], pe f(0)= f(9). No omodeitete
ot vmapyoov &;,,,8, €(0,9) térow, dote: (&) + f'(&,)+ f'(&;)=0.

407.Aiveton cuvaptnon f napaywyioyn oto [1,10], pe f(1)=4xo f(10)=9.Na
amodei&ete 6T vmapyovv &;,E,.E; € (1,10) €100, DOTE!
2F'(&,)+3f'(g,)+4f'(&)=5.

408.Aiveton cuvaptnon f, cuveyng oto [oc, B] , o, B eR, napayoyioyn oto (OL,B) , ne
f(a)= % kar f(B) =% . Na anodeitete 6L vmapyovv &;,&, €(a,B) tétouw,

wote: 3f'(&)+2f'(&,)=1.
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0. Bolzano 1| E,T. kox ©.M.T

409.Aiveton cuvaptnon f mapoaywyicyn oto [—1,1] pe f' yvnoimg pbivovsa oto
[-11], f(-1)=1ko f (1)=5. No amodeifete otu:
o) Yrdpyet & €(-11) térot0, dote f(£)=3.

+

1
F&) f(&)

B) Yrapyouv &, €(-1,1) tétow, Gote =1 7)f(0)>3.

410.Atveton ovvapmon f mapayoyicwn oto [o,B] pe f'(x)#0ya ke

xe(a, B). No amodeitete OtL:

@) Yrapyst x, € (o, B)tétor0, dote: f(x,)= w'
B) Yrapyovv &,&, €(a,B) térow, dote: 2f'(& ) (%, —a)=3F"(&,)(B—X,).
3 2

5
Y) Yndpyer & € (a,B)ét010, DOTE: ———~ = — +— .
(P E e T
411.Aiveron cuvapmon f, mapayoyiown oto [1,2], v mv onofa woybder f(1)=4
kar f(2)=1. No anodeilete Otu:
o) Yrdpyer X, € (1,2) téroto, dote, f (X)) =3%,—2.
B) Yrapyouv &, &, €(1,2) tétowa, dote: f'(&;)- '(E,)=9.

PiCo g "

412.Aiveton cuvaptnon £, dvo eopéc mapaywyiciun oto [2, 6] Yo TNV omoio 1oYVEL:
2f(4)=f(2)+ f(6). Na anodeitete dTLvmpyeL X, €(2,6) tét010, DOTE
f"(%)=0.

413.Aiveton cuvaptnon £, dvo eopéc mapaywyiciun oto R, yio v onoia 1oydet
f(1)+ f(2)=f(0)+ f(3). No amodeitere 61 n ekicwon f"(x)=0, éyet

TovAdylotov pia pila.

414 Eoto cvvaptnon f 8o popés mapaywyioym oto [0,1] pe f(1)— f(0)=1 xu
f'(0)=f'(1)=1. Na anodeifete 6T n e&icwon f"(x)= 0 éxel tovhéyotov dHo
piCeg oto (0,1).
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415.Aiveron cuvaptnon f d0o popéc Tapaywyicyn oto R . Av vrdpyovv tpio
cuvevbelakd onpeio g C; , va amodei&ete 6t n ebicwon f"(x)=0éye

TovAdyeTOV e pila.

416.Aiveton cuvaptnon £, Vo eopéc mapaywyiciun oto R, yio v onoia 1oydet
f ”(x) #0 yio k@Be x € R. No amodei&ete 01 Tpin. 0TO100NTOTE GNUEL TNG

YPOOIKNG Tapdotaong TG £, dev pmopovv va gival cuvevdelakd.
IMpéonpo tipng tov 7, f**
417 . Atveton svvaptnon f dvo popés mapaywyioym oto [o,B] pe f(a) <0 ko

f(B)=f'(B)=0.Na anodeitere 6Tt vmapyer & € (a,B)této10, Dote f"(£)<0.

418.Atvetan ovvapmon f napayoyioywn oto [a,p] pe f (o) f (B)<0. Na
amodelyBet 6TL vdpyovv &,,E, € ((x,B) pe & # &, t€town, MOTE:
(&) f'(&,)>0.
Am66£1EN avicoTITOV pe pio petafint
419.Na anodei&ete 61 10 kGe o, B € (0, +oo) pe o<, woyveu
B —a B —a v-1 v v v-1
a) —< —JE<— ) vip—a)a" <B'—a’ <v(p—a )BT, v=2
o Ble<im wboa) (=)

, : € (L
420.Na amodsifete 011 ) 2——<Int<—  PB) e°-" >e*"
T e

2 X+1 2
<In

1 1 1
421 No omodeiéete 011 @) ——<In|1+=|<= , x>0 P) < ,
1 X) X X+1 x=1 x-1

X+
x>1

422 No. omodei&ete 0T1 X+1<e* <xe* +1, yio kGbe xeR.
423.No. cvykpivete Toug opBpog:

o) (3/7+&°’/§) Kol (3/6+§/Z) B) Y4 +43B xon 5+42
424. Aiveton cuvaptnon f mapayoyicun oto R pe f'yvnoiog adéovco. Na

amodeitete otu f'(x)< f(x+1)—f(x)< f'(x+1), xeR.

425.Aiveton cuvaptnon f eivon nopayoyiciun oto R, pe ' yvnoiog avéovoa oto
R . Na anodeitete ot 2f (x) < f(x-1)+ f (x+1)ya kGbe xeR.
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426.Eoto cuvaptnon f napayoyiown oto [a,p] pe f(y)=0,ye(a,p). Avn f’
etvan yvnoimg ad&ovoa o10 [a,B], va anodeitete o1t

(B-7)f(a)+(yv—a)f(B)>0.
Xvleta Oépota

427.Aiveton cuvaptnon f, tapayoyiciun oto R, yia tnv omoio woyvet:
f'(x)<-x*+x-4,ya kdbe X eR . No amodeilete 6Tt lim (Xx)=—o0.

428.Aiveton cuvaptnon f, tapaywyicyn oto R,y v onoio wyvet: f '(X) >e“+1
, Y k@0e X € R . No omodeifete ot Xlirpw f(X)=4c0.

429.Ectw cuvaptnon f mopayeyioywn oto R pe f'ywoing avéovoa ko f'(5)>0.
No amodeiéete 6T Xlirpw f (X)=4o0.

430.Ecto cvuvaptnon f mapayoyioyun oto R pe lim f'(x) =0. No arodeifete 611
lim [ f(x+2)+ f(x)-2f(x+1)]=0.

X—>+00

431.Aiveton n cuvapon f, n onola eivar mapayoyiown oto R pe f'(x) =0y
k@fe xR .Avn C, dspyetar and to onpeie A(1,5) ko B(-2,1), tore:
o) vo, arodeifete ot n T eivan 1-1.
B) vo Moete v eéicoon (—4+ f (X2 —8)) =-2.

v) vo amodeitete 0TL vdpyel TovAdyioTov Eva onpeio M g C, , 610 omoio 1

A . : 3
gpantopévn etvan ket oty gvbela e: y = 2 X+2.

X1a0ep1] cvvdptnon — Evpeon covaptnong

432.Atveron cvvapon f mopaymyioyun oto Rpe f'(x)=3f (-X) yio ke x e R
kot f(0)=1. No amodeitere 6 n cuvépmon g(x) = f(x) f (—x)eivor otabepy
Kot va Bpeite T T TC.

433.Aiveton cuvaptnon £ 890 gopég mapayoyicym oto (0,+0)ue f(x)=xf'(x)+2

Yo k@0e X >0 . No omodeitete 6tin cuvdpmon f' eivar otabepr) oo (0,+).

434. Aivetan cuvaptnon f mapayoyicym oto R pe ( f(x)—e )( f'(x)—e ) =0 v

kéfe xeR ko f(0)=1.Na anodeilere 6t f(x)=€", xeR.
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435.No. Bpeite T cvvdptnon £, yio tv onoia ioydet:

o) f'(x)=cvvx+2x, f(0)=1 B) f'(x)=ocvv2x+nu3x, f(0)=1

D F(x)=26" 1%, x>0, f(1)=¢* &) f/(x):L)r(‘X,Do, f(1)=0
! _ 2X _ ' — 2 E —

g) f (X)—X2+l, f(O)—O ot) f (X) 3np Xovvx, f(Zj 1

436.Na Bpeite ouvapmon f napayoyioym oto (0,+0) pe
) f’(x):ex(lnx+1j ka f(1)=-1  B) f'(x) —, f(1)=e
X X

v f’(x)=|n:2_1, f1)=1 8) f'(x)=xe* +e*, f(0)=1

437 Na Bpeite cvvaptnon f dbo mapayowyicwn oto (0,+0) pe
a) f"(x)=6x, f'(0)="f(0)=2 B) f"(x)=12x*>-9,f'(0)=4f(0)=4

438.No. Bpeite cuvaptnon f napaywyiciun oto R yia v omoia ioyvet Otu:
o) xf'(x)=3x"—4x* + 2x yia kébe xeR kon f(1)=6.

B) (x+1) f'(x)=2x*-8x—10 yia kébe xeR xon f (0)=2.

439.No. Bpeite Tov TOMO Guvaptnong f mapoaywyicung oto (0, +oo) Yo TV oot
Loy0eL Ot
o) f(X)+xf'(x)=3x*+1lxar f(1)=2
B) xf'(x)+ f(x)=e" kon f(l)=e+1
7) Xf'(X)+x* = f(x)+x%€ kar f(1)=e-1

2
T

8) xf'(x)—f (X):XZT]HXJF x*oLVX Kot f(gjzj

440.No, Bpeite mopayoyicyun covaptnon f yua v onoia wyvet Ot
o) xf'(x)+(1-x) f(x)=0 xox f(1)=e,x>0
B) xf'(x)=(x+1)f(x) xaw f(1)=e,x>0

441 No, Bpeite cuvaptnon f, 860 popéc napaywyicyun oto R, yia v omoia i1oyvet:
f(x)+xt'(x)+ f"(x)=0y kabe xeR, f'(0)=0 o f(0)=2.

442 No. Bpeite cuvaptnon f, 800 popéc napaywyiciun oto R, yia v omoia ioyvet:
f"(x)+2f'(x)+ f(x)=0, xeR kon f(0)=f"(0)=1.
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Evpeon e f étav f’(x) +9 (X)f (x) =0

443 No. Bpeite Tov TOM0 cuvaptnong f mapoaywyicung oto (O, +00) Yo TV oot
oyveL Ot
o) f(X)+xf'(x)=3x*+1kar f(1)=2
B) xf'(x)+ f(x)=e" kon f(1)=e+1
) xf'(x)+x% = f(x)+x%e ko f(1)=e-1

2
) xf'(x)— f (x)=xnux+x’cvvx kot f(g]:%

Evpeon ¢  6¢ évoon dwwestnudtov

444 Na Bpeite cuvaptnon f, napayoyicun oto R yuo v oroio,yia kibe x e R,

LoYVEL :
o) f(X)+xf'(x)=6x"+4x>+2x B) (x—1) f'(x)=3x*—6x+1-f(x)
) f(x)=xf'(x)-x%", f(l)=e o) f(x)=xf'(x), f(1)=1

445 Na Bpeite cuvaptnon f, mapayoyicun oto R, yuo v omoia woydet:
o) f'(x)-2f(x)=e>, f(0)=2 B) f'(x)+2xf(x)=2x, f(0)=1+e
7) 2f'(x)+4f(x)=1, f(0)=1 8) f'(x)-f(x)=2, f(0)=2

3Xx+1,x<0

2 r
2x2 +1,x>0 Av 11 =3 voBpsies mv .

446 Ectw a cvvapmon f pe f'(X) ={

2X—6,X>3

Katf(1)=20 )
—2X+6,X<3

447 Aiveron n nopayoyioun covaptnon fue f'(X) :{

Noa Bpeite tov tomo g .

Evpeon g T pe pondntikg cvvaprtnon

448 Ecto f:R—>R wa cvvépmon pe f (0)=0 , n omoia stvon mopaywyicyn kot
KavoTolel Tig oY€oElg :
e '™ _x, yuakdbe xeR kot

X
o f(x)e'®+1= 00 °
X+e

v kG0e X € R . Na Bpeite tn cvvaptnon f.
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449Eoto f:R—R o cvvapmon pe f (0) =0 , n omola givar mapaymyicun Kot
2x

(] X , , .
230 ,yw kéfe X € R . Na Bpeite t cvvdptnon f.

f'(x)3"™ In3+2x =

450.No. Bpeite cuvaptnon f napaywyiciun cto R yio v onoio 1oydet:
@ f'(x)= Xf‘(i) f(0)=2, f(x)%0
B) 2f'(x)=e""™, £(0)=0

, 4%% +2x
) f'(x)= 3f;2X) :

f()=2, x>1, f(x)>0

451 Na Bpeite cuvaptnon f topaywyicyun oo R yio v onoia 1oydet:
o) f'(x)f(x)=e” xa f(0)=1
B) f"(x)+2f(x)=0 ko f(0)=f'(0)=0
) £(x)+ £ (x)=0 xar f(0)=f'(0)=0.

452 No. Bpeite cuvaptnon f napaywyicun oto R ya v omoia 1oyvet:
( f'(x)-f (X))(X2 +1): 2xf (x) yakabe xeR kar f(0)=3.

453. Na Bpeite ovvaptnon f nopayoyiciun oto R yio v onoia ioydet:
f/(x) f(x)+ f(x)+x==xf"(x) xon f(1)=0.

Evpeon 1omov cvvaptnong 6vo petafinrtov

454 Na Bpeite cuvaptnon f mapaywyicun oto R, yio v omoio woydet
f(x+y)=f(x)+f(y)+2xy—-1 yuukabe x,yeR kon f'(0)=1.

455.No, Bpeite cuvaptnon f napaywyiciun oto (0, +oo) Yo TNV omoia 1oyvEL 0Tt
f(xy)=xf (y)+yf(x) yioxé0e X,y e(0,+0) kar f(1)=0kar f'(1)=1.

20vleTeg aoKNOEIG

456.Aiveton cuvapmon f mopayoyiown oto (L+w) pe f(e)=1 km
xf (x) f'(x)=Inx yuKkdabe x>1.
0) Na anodeitete 6t f(x)>0 yiokébe x >1
B) Na Bpeite Tov tHmo g T.

B_p

v) Na amodeitete 011 1-Z%<imP <P 4 v kéOe o,p>1
o o
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457 . Aiveton cvvaptnon f dvo popég mapaywyiowun oto R, yio v onoia ieydovv:

f(x)=f(x)-1,xeR, f(0)=2 xu f'(0)=-1.

) No amodei&ete 6T cvvaptnon g(X) =( f(x)—-f'(x) —l)eX givar otadepn

oto R.

B) No amodeitete ot f'(x)— f(x)=-1-2¢", xeR

v) Na Bpebei o tomog g T.

6) Na anmodeitete 6t n f avtiotpépetan ko va Bpebel  avtiotpoen tne.
458.Aiveton ot cuvaptioeg f,g: R — Ronov n f eivan nopayoyicn oto R pe

o f'(x)=-2xf?(x), f(x)#0ywxébe xeR

e f(0)=1 xm

1 2
X)=———=X" , yia k@b xeR.

0) Na arodeiete 6TL | cuvaptnon g eivon otabepn.

1
Na amwodeiéete ot f(X)=
P) 5 ( ) 1+x°

) No vrohoyicete to 6pro lim (Xf (X)nu?.x) .

459. Aiveton mpaypatiky covaptnon f: [O, +oo) — Ry mv omoia 1oydouv :
o f/(x)-e =1,
e £(0)=0.
a) Na deytei 01 0 TOmOG TG cvvaptnong T eivon f (X) =In (2ex —1) v X=0.
B) i) Na yiver uelét g f og mpog ™ povotovia Kot Ty KupTtdTNTA.
Y) ii) Na amodeytel 6t yio kabe £, >0 woyver F'(&,)+f'(&,)<4.
8) i) Na Bpedein e&lowon g epantopévng g f oto onpeio x, =0
i) Na deitete om f(x)<2x .
iii) No Bpedei to xliﬂl@f (x)
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Movortovia cuvdpTnong
Evpeon povotoviag cuvaptnong pe ypiion Ing napaycnyov

460.No. LEAETAOETE (OC TPOG TNV HOVOTOVIO TIG TAPAKAT® GUVAPTNGELS :

o) f(x)=x"-2x*+5 B) f(x)=x+1 ) f(X)=+/x"-6x+8

d) f(x):xz_3 g) f(x)=e" ot) f(x)=xInx
I X |
O (=" W (=" 0 f(x)=""7

461.No PeAeTGETE MG TPOG TNV LOVOTOVIML TIG TAPAKAT® CLVAPTCELS
) f( 2x -1, x<1 B)f( ) 3-J2-x, x<2
o X)= X)=
)= % —sx+s, x51 o4, x32
4x% — 4x, 0<x<4
Y f(x)= { d) f(x |x x|+1

x® —3x, Xx<0nx>4

Evpeon povortoviag cvvaptneng pe ypon tov f,f7, ), .

462.No. LEAETOETE OC TPOG TNV LOVOTOVIQ TIG TAPAKAT® GUVAPTNGELS :
o) f(x)=2e""—x*-4x+3 B) f(x)=2xInx—x*+1
) f(x)=4e"+2x* - 4x

463.Alveton cuvdptnon f, dvo popéc Tapaywyiciun oto [0, XO] , %, >0, y10 TV omoia
wydet f"(x)<0 ykdbe xe[0,%] ko f(0)=0.Na anodeitere 611
f(x)
X

ovvapmon h(x)= etvor yvnoimg ebivovsa oo (0,X,].

464.Aiveton Tapaywyioyun covaptnon f ue f' ywmoiog avéovoa oto [O, +oo) . Av

f
f(0)=0 va omodeitete 6Tin cvvapmon g(x)=e> + ) +In 2" givan
X

yvnoing avéovsa, 6to (O,+OO).
Evpeon ipov mopopétpov

465.Na Bpeite t1g TYéG TS TapapéTpov A € R, yia T1g onoieg 1 cuvaptnon:
o) f(x)=x*+Ax*+3x—2007 givar ywnoiog avEovca oto R .

B) f(x)=I (x +X2) A2x+1,A %0 givon yvnoiog pbivovsa oto R .
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Evpeon npoonpov s f ko 6Ovoro Tipdv

466.No. Bpeite TO TPOGNUO TOV TOPUAKAT® GUVOPTHGEDV:
o) f(x)=2(x+1)In(x+1)-x*-2x-5, x>0
B) f(x)=1+x-x*—-e*,x>0
7) f(X)=2"+x*-2x+3, x>0
d) f(x)=e"+3x"+2x* —x-1

2x-1

1
467.Aiveton n covaptnon F(X) =3e™" +2 , ue x> 5

o) Na peretioete v povotovia g f.
B) No Bpeite 10 cHVOAO TILAOV TNC.

¥) Na Bpeite mv f .

468.Afvetarn cuvépmon f(x)=e*+e* -2, xeR.

a) Na peretioete v f wg mpog tn povotovia.

1 1
N i ¢ Ouov f| —— fl—|.
B) Na Bpeite 10 Tpodo O TOV 0plOUdV ( 100] Kol (100)

v) Na cvykpivete Toug apuovg f (1\0/5 ), f (Z\O/E) ko T (3\0/]3)

469.Atveton cvvaptnon f 600 Qopég mapaymyicun oto [oc, B] , YloL TNV ool 1oyVeL
ot f(a)="f(B)=0 kon f"(x)<0 yo k&0 X e(o,B). No omodeitete
ot f(x)>0 yw ke xe(a,p).

470.Aiveton cuvapmnon f 8vo popég mapoywyicwn oto [o,B] pe f”(x) <0 yu ke
xe[a,Blxar f(a)=f(B). Naonodeitere 6 f'(a) f'(B)<0.

AT6o€En avIGOTHTOV NE TOPAYoLGSa BondnTikn cuvapTnon

471.Atveton cvvaptnon f d0o popéc mapaywyioiun oto R, této100 dote vo 1oydel
f'(x)>(1-x) f"(x), yie kéBe x e R . Na peremoete my f wg mpog ™

LLovotovia.

472 No amodei&ete Ot
0) In(x-1)<x-2, x>2 PB)e*(x+1)>1, x>0 y) xoovx<nux,xe(0,n)
2
3) ex—1>x+x? x>0 g ex<(1+x)1”,x>0 o1) Inx<e**-1,x>1

2 4

X° X yis
X<l-—+-—, x>0 X+ + x>1, xel|0,—
{) ocuv Y 1)) NUX+cov e( 2}
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473.Alvovtol o1 mapayowyioiues cuvaptmoeg f,g :[(x, B] — R, 1o 11 omoieg 1oydel
ot f'(x)<g'(x) ywkabe xe(a ,p) ko f(B)=9(B). Na anodeifete o111
ypoeikn Tapaotacn g f Bpioketon mvo amd to ypagiky mapdotacn g g 6To
diaompa (o ,B).

474.Aivetan 8bo popés mapaymyioyn cvvapmon f :[0,4+0) > R pe 2< f”(x) <6x
Y k6be x>0, f'(0)=0kat f(0)=1.No omodeitete otu

(X—l)2 < f(x)<x*+1 yuxébe x>0.

475.Atveton cvvdptnon f 600 gopég mapaywyioun oto [0,1] Yl TV omoia 1oyvEL:
f"(x)>e* -2 yia kabe xe[0,1] kon f'(0)=2.
) Na anodeitere ot f(0)—f(1)<0

B) Na anodeitete ot f eivar ywnoiog avéovoa oto [0,1].

Enilvon €166V Kol aVIcOGEDV . ATOOEIEN 1GOTITOV KUl OVIGOTHTOV

476.No. MoETE TIG TUPOKATO eEICMGEIG:
a) 2X°+x+Inx=3 P) e*+e¥ =2 7) In(x-1)+x* +x-6=0

8 Inx'=x'-1 g 3 43 =2 ot) In(x-1)+e? =1—(x-2

> X+ 12 X—10) TPOG T
13 13 S TPOG M
povotovia.

B) Na anodsitete 6t1 n e€iowon 5° +12° =13° £xel povadikn pia to 2.

)1821

477.0) Na peretioete ™ ovvapmon f(x)

478.No. AGETE TIG AVICMDOELS:
@) 2X* + X +3Inx—-3>0 p)elnx < x,x<e y) e¥=x—1,x>0

479.Na Moete Ty avicoon: In(x* —3x+7)+2° 7 <In(2x+1)+ 2", x>0

480.Atvetar  ouvéptnon  fF(X)=x+e* .
o) Noa pekemoete v f og mpog ™ povotovia.
B) No Adoete 116 e€lomoelg
i) e - =x-x° ii) e

X3 +x X2 +X+1 X+1

e+ x?=0

X

2
Y) No Moete v avicoon: €7+ x> >2
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IA00g priav

481.Aiveton Topayoyicun covaptmon f: [1, e] - (0,1) , ne f ’(X) >0, 7o ké0e
Xe (1, e) . Na amodei&ete 6t e&iowon f (X) = X(l— In X) &xet axpifmg pia pila
oto0 diotnpa (Le).

482.a)Na amodeifete 6T n cuvépmon f(x)=x>+2x-1-nu2x, xe R, givor
yvnoing avéovaoa.
B) H eéicwon x° +2x —1=nu2x éyet pia pévo pila oto Stdoma (0,1).

483.Aiveton cvvaptnon f napaywyicyun oto R yio v omoio woydet:
2X+2
f(x)>
() x> +2x+5
f téuver ™ ypaikn napdotacn g cvvapTnong g (x) =In (x2 +2X+ 5) +2,10

v kaBe X € R . Na anodei&ete 0TL 1) YPOQIKN TOPAGTACT TNG

oY o€ €va onpeio.

484 Aiveton cvvdptnon T, Tapayoyicyn oto R, yio v onoia ioydet:
f2(x)+Bf2(x)+yf (x)=x*—2x* +6x—1, xe R, B* <3y. No omodeifete 6111

e&iowon f(Xx)=0, éxer povadu pila oo Sibompa (0,1).

485.Aivetar suvépmon f mapayeyicyn oto [1,3]. Av f(1)=-3 ko f'(Xx)>4 ya
kae X €(1,3), va amodeibete ot n ebiowon f(x)=0 éxer povadum pila oto

(1.3).

486.No. Acete TIg TapUKATO eEICMCELS:
0) 2 +x+Inx=3 Py e*+e¥* =2 y) 3 +3% =2  §) F+4 =5".

487.Na Bpeite to TAn0og v pridv Tov eE1IDoemV:

a) X} -2 +7x—4=0 PB) x*-4x*+4x* -2=0 ) ——=2x-1

488.No. amoodeifete Ot1 01 Topokatm e£lom®oelc £xovv akppag pia piCo oto didotnua
(O, +oo).

a) xe*—2=0 ) 12x* —14x® —3x* —4=0

489.No. anodeifete 6T m eficwon X° —3x+1=0 &yet dVo OeTikéc pileg ko pio
APVNTIKN.
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490.Aiveton 1 mapayeyioyn oto R cuvdaptnon f, yio v omoia givan f '(X) >e*+2
v k6O x e R won f (O) =1. Na anmodeitete 61 M eicwon f (X) =a, el

axpipmng pia pifo yo kabe o e R.
OzopnTikég

491.Aiveran suvapmon f pe cvvexfi devtepn mapayoyo otoo,B]. Av f”(x)=0

, Yo kGOe X € [oc, B] ,va omodeiEete 0tL M ouvaptnon ' etvat yvnoimg povotovn.

492 Ecto ovvapmon f napayoyioym oto R, pe f(0)=4 kou f(2)=0.

f(x)

o) Na orodei&ete 6T 1) cvvdptnon g (x) =——= givar yvnoiog ad&ovooa dtav
e

f(X)< f'(X), Yo kabe xeR.
B) Yrapyer E€ R, tétowo dote: f(£)> f'(§).

493.Aiveton mapayoyiown covapmon f:R —R ywo v omoia ioyde:

()

x> +1< f'(x)<x* +X+2 yw k60e x>0 . Na vmoroyicete 1o dpro lim 3

X—+0 X
494. Aiveton ovvaptnon f, 800 popég Tapaywyiown oto R, yio tnv omoia 1oydet
f"(x) <0 yw kabe x € R. Na ovykpivere Toug apibpovg A= f (2)+ f (-2) ka

B=f(1)+f(-1).

495 Aivetou cvvdptnon f, opiopévn oto R, pe cuveyn npdm mopdywmyo, yio Ty
omota wybovv ot oxéoeig: f(x)=—f(2-x) kon f'(x)#0, yia kG0 X R.
o) No omodei&ete 0L T elvon yvnoiong povotovn.
B) No arodeiete 0TL N eicwon f (X) =0 &yel povadikn pilo.
v) Na anodei&ete OTL 1) €QOTTOUEVT TG YPAPIKTG TOPAGTACTG TNG GUVAPTNONG
9(x)= % , GTO onueio oV Téuvel Tov dEova X'X | oynuortilet pe avtov,

yovia 45°.
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AkpoéTaTa cvvapTnong
Evpeon Tomkav axkpotdtmv

496.No. LEAETHGETE MG TPOG T LOVOTOVIOL KO TOL AKPATOTO TIC TOPUKATM

GUVOPTNCELS;
o) f(x)=2x"-3x*-12x+6 B) f(x):In_X
X
) f(x)=x/x2—2x—3 d) f(X)=2x+2cvv2x,x €[o,n]
Inx 2X
f(x)= f(x)==2
g f(x) I o1) f (X) "

497 No. LEAETHOETE OC TPOG TN LOVOTOVIO, KO TOL AKPOTOTA TIG TOPAKAT®
GLVOPTICELS:
-Xx-2, x<0
p) f(x)=13 -5 x=0
X, x>0

X+1, X<2
@) f(x)= x> —6x, x>2
x> +4x-3, x<1

x> —6x+6, x>1

D109~

Kpiowpa onpeia

498.AtveTon mapaywyioyn cvvéptmon J: (O, +oo) - (0, +o0) pe g ’(X) >0 yuo k&g
X>0 kot ¢ (e) =e . Na Bpeite ta kpioio onpeio g cvvEpTNONG
|
f (x) =909,
9(x)

499 Aiveton cuvdptnon f, tapayoyioyun oto R, yio v onoia ioydet:
f2(x)-6f*(x)+Af (x)=x"—6x*+2. L >12, xeR.
a) Na Bpeite ta kpioya onpeio g T.
B) No peketnoete v f og mpog T povotovio Kol To AKPOTATA.

Axpotata kot Pileg - Tipoonpo g f-Exmidvon s&iod@oemv Kot aviedosmv

500.Na amodei&ete ot
o) 8¢X—X20,xe[0,gj B) 2nux +epx > 3X,, Xe[O,gj

7) € >xe y kibe XeR 8) x*>2Inx+1, x>0
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g X (2-x)"">1,xe(0,2) 61) X +3x° +6X+6<6€"

Inx
501.Aiveton n ovvaptnon f (X) =—-,x>0.
X

a) No Bpeite ta axpototo tng f.
2
B) No amodeifete 6Ty kébe x>0 oydel € > x>,

2
14 ’ r , 2
Y) Avurdpyet o >0y Tov omoio Yo kibe X >0 woyder ot > X*, va
anodeitete 0TI L=>€.

1
502.Na omodeiete Oti: R < (X2 —X Jrl)E'X <1 ya kabe x €[0,1].

Evpeon ni0ovg prllov g ekicmong f(X) = 0.

503/Eoctm wia cvvaptmon F:R—R pe f'(X) # 0 yia kabe XeR. Av n f * givar cuveync
va Bpeite to TA00g tev prlodv g eEicwong f(e™) = f(x+a).

504.No. Bpeite t1c Tipég tov aeR, doten eéicwon X3 -12x+a=0 vo €yl Tpelg
pileg mpaypoTIKég Kot viced.

"Yrapén axpétatov

505.Na odeiéete o0t1 vdpyelt povadikd Xo € (0,1) tétoo dote M cuvdptnon
f(X) =e*+x* —2X+3 vo mopovctdlel ErdyioTo.

506.Aiveton n ovvaptnon f (X) = 2x+/X - 2x - Inx. Na dei&ete 6T f mapovolalet
LOVOOIKO aKPATATO GTO TEGIO OPIGHOD TNG.

Ipocnpo olkod akpoéTaTOV KOt TIN®V TNG |
507.Atveton 1 ovvépmon f(x)=e*—Aix-1, xeR,A>1.

o) Noa pehemoete v f og Tpoc T povotovia Kot ta akpdTaTa.
B) Na Bpeite T0 mpdonuo Tov axpdTaTOV.

508.Aivetor n cuvaptnon f (X) = x"e , A>0, x>0. Na Bpeite 10 A, dOTE TO

uéyioto g f va givar 660 10 duvatdv ueyaAivtepo.

509.Aiveton n ovvépmon f(x)= 2x® —6x* +18x+3, xR . Na Bpeite v Tiuy T0U
X, o v omoia o puOudg petaPoing e f wg mpog X, yivetar edyiotog.
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OeopnTiKég -X0vleTa Oépata

4 3 2

’ ’ ’ r r s r 2
Av n T éyet tpia drapopetikd Tomikd akpotata, va amodeilete 6t B > 3ay .

510.Aiveton  ovvéptnon f (X) =

511.Aiveton mopayoyiown covaptnon f iR — R" yia v omoia woyvet o1t

f'(x)+(x —1)3 f2(x)=0. No Bpeite 1o axpétata mg f.

512.Aiveton 800 popés mapayoyioyn covapmon f:R—>Rpe f"(x) <0 yu kabe

xeR. Av n oovaptnon f dev eivan "1-1", va amodeiete 1 n T éyer péyioro.

513.Atvetan cuvépmon f tapayoyicwun oto [0,2] pe f(0)< f(2)< f(1). Na

amodei&ete Ot vmapyel X, (0,2) tétoto, dote f'(x,)=0.

514.0) Aiveton cuvaptnon f napaywyioym oto Sibotnpa [0,8] pe
f(2)>f(0)> f(8)> f(6), va amodeitete 6T n f éxer ToVAGIOTOV SVO
Kpiowo onpeia.

B) Avn f'etvar cuveyng oto [0,8] kan f(8)> f(2)> f(6)> f(0).va
amodeifete 0T M f éyel TovAdyIGTOV VO Kpioua onueia.

515.Aiveton cvvaptnon f, d0vo popéc Tapaywyicyn 6to ddotna [1,4] pe
f(2)< f(1)<f(4)< f(3), va amodeitere 6mun f'éxet TovAdyoTOV £V Kpicipo
onueio.

516.Atvetan suvépmon f tapayoyiown oto [0,2], pe f(0)=f(2)=1 ko f(1)=4.
Av 10 X, =1 eivar 1 povadikn pilo g e&icwong f '(X) =0 ,va amodei&ete Ot
o) n fdev éxer axpotota oto Sibomua (0,1).

B) va Ppeite 10 svvoro Tudv g f.

517.Aiveton cuvaptnon f napayeyiciun oto [—oc, oc] ,a>0pe f(-a)="f(a)=a
kar f(0)=20. Av 1o X, =0 eivar n povaduy pica mg ekicwong f'(x)=0 tote
va anodei&ete Ot
o) nf devéxer axpotata oto Sidompa (0,0).
B) va Ppeite ta axpdtoto g f.
T) va amodeifete dtLvmbpyovv &,&, € (—a, ) tétowa, dote (&) f'(&,)=—1.
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0) va amodeiEete OTL LVIAPYEL X, € [—(x,(x] TETO10, OOTE

2f (%)= f(%)ﬁ(-%).

518.Atvetar cuvapnon f 0o gopés napaymyiown oto [1,5] pe f(1)=3, f(5)=4
Kkat 6Ovoro Tidv o [-1,6] .Na anodeitete otu:
a) VIEPYOoVV TOLAGYIGTOV OVO TIHES X, X, € (1,5) X, # X, TETOLEG OOTE
f'(x)=1f'(x,)=0.
B) vmapyet & €(1,5) térowo, dote f7(€)=0.
Y) vrapyet X, €(1,5) tétoro, Gote f (XO)[ f'(x)+ f° (Xo)] =X, -
d) n evbeio y=—X+6 téuverm C, tovAdyiotov oe éva onpelo pe TeTunpévn
pe (1, 5) .
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Osopnpuo Fermat

Pierre de FERMAT (I'adlia, 1601-1665)

T'ailog pabnuatinog kar vououabig, dictéiece
dikactiic oty Toviovln. Xta mepifdpia twv
KaOnKovTwvy Tov acyolnlnie ue Ty Loyoteyvia
Kal to palnuatika. O Fermat vmijpée évag ano
TOVG IOPVUTES TV VEOTEPOV HAONUATIKDV,
wPoopouos tov Ameipootikod Aoyiouov, Tg
Ocwpios Ihbovotitwv K.a. Aletypovce
oiinloypagia  ue  TOVS  HEYAAVTEPOVS
HOONuaTIKOUS Kal QUGIKOUS THG EMOXHS TOV
(Pascal, Roberval, Huygens, Descartes) ko giye
EOPALDGEL THY QHUN TOV (OS EVOS OAmO TOVS
ueyodvrepovs  polbyuoticovs. O Fermat
T oOVIS ONUOGIEVE TIS AVAKAADWEIS TOV UE
. N amotélsoua ucydios apibuds gpyocimv Tov va
/ y ‘ yalel.

Eiye oteilel TavTwg avtiypopa tawv yeipoypapwy tov, «Mébodog yia tov kabopiouo
Méyotwv kor Eldyictov kaldbc kar Epontouévav oe Kaunviecr (Method for
determining Maxima and Minima and Tangents to Curved Lines), to keiuevo tov
Amolidviov ya tovs T'swuerpikois tomovs (Plane loci) 7o omoio &ixe
ATOKATACTIGEL, KAOMS KAl THY ALYEPPIKY TOV TPOGEYYIGY CTNY PEMUETPIA UE TITAO
Ewcaywyj ce Erinedovs kar Xrepeovg Tomovg (Introduction to Plane and Solid
Loci) erovg pabnuatikovs oo Mapict (o idioc éueve otyv Toviovln)

Meza tov Aidpavro mov é{noe tov 3° ar. u.X. o Fermat vmigple o mpwTog ueydiog
ueletntig s Oewpias opibumv. Av kar n Ocwpia Aptbunv oev BOswpeito
6TOVIAIOS KAdO0S oTHY emoyn Tov, 0 Fermat édwaee elaipetina Ocwpijuara petadv
Twv omoiwv kol to wepipnuo «Televtaio Ocawpnua tov Fermaty ecoupowva ue to
onoio 1 &Sicwon X" +Y"'=171" dev Eyxer um undevikés axépoues piles yia
X, Y ka1 Z axépaiovs étav N > 2,

O Fermat &iye ypawet oto mepifapio evog Piffiiiov:

Exw avaxalowel yia mpayuotiKd 6rovoaio. amodEIty 1 omoia Ogv Ywpdel 6€ avTo
7O UIKPo mepLapio.
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Avty 5 onueiowon Ppébnre puetd tov Odvato Tov.
Ta 300 ypovia poOnuatixoi amoé 65.0v Tov K6GUO
mpocmdOnoav vo amodcilovv to Ospnua, to
MATHEMATICA ormoio amédelée tedikd o PpeTavos ualnuatikog

VARIA @PERA

D:PETRI DE FERMAT, Andrew Wiles, o 1994!
SENATORIS TOLOSANL Ta kopiotepa twv Epyov  Tov  Fermat
* Epi onuocicvfnkay axo to yio tov Zoauovnl to 1679
HE TiTAO

«Varia opera Mathematicanr.

TOLOS &,

AxpotoTa

519.Na Bpeite Ta OMKE aKPOTATO TOV GLVOPTHCEDV
i) f(x) =x*—4x+1xe[L2] i) f(x)=(x-1)e™, xe[0,2]

520.Na BpeBovv ta oAkd axpdTaTa TG GLVAPTNONG
() = 2x° —15x* +24x+19 , x<[0,1]
—x?+18x-1 , xe(1,2]
Evpeon Tipdv napopétpov adete 1 f va mopoveraliel Tomkoé axpototo
521.Atvetan ) ouvépmon f(X)=x°—ax® +Bx+2, o,B,xeR. Na Bpeite 10

o,BeR, av yvopilete 611 n f mapovcidlel akpdtato ota X, =—1 kot X, =1.

522 Na Bpeite 1ig Twég tova, BeR , dote n ovvépmon  f(X) =X +ax+ BInx va

Tapovotdlel akpotato oto X1 = 1 ko X2 = 3. Na kabopicete 10 €idog TV
OKPOTUTMV.

523.Atveton svvéptnon f mapayewyicyn oto (0, +oo) Yo TV ool IoYVEL:

1
2f°(x)+x* = 2 xf (X) v ka0 x >0. Av 1 f ropovoidle axpdTato oTo Xo,

ToTE VO, PBpeite 10 Xo.
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O1 uéfoodot v « Pevdorcottwvy tov Fermat

O Fermat fzav o npdtos mov élvee wpofiiuata pueyicTov — eAayicTov TAIPYOVTAS
VIOYN TOV THY YOPOKTHPICTIKI] GOUTEPIPOPD THS OCUVAPTHONS, KOVTA OTIS
OKPOTATES TIUES THG.

o mapdoeryua, mporeuévoo va kabopicst nws Oa éxpeme va, droupéoel Eva Tupua
HifKovG b o€ 660 Tufuara ue uijkn avrictorye X Kot b — X Tpokeyuévov to pivouevo
100G va givar puépoto onlaoy to X(b — X) = bx — X% (to omoio mpéfinua eiva
16000vop0 ue THY EVPEGH TOV X YA TO 0T0I0 TO Ufadov opboywviov ctabepijs
aepiuétpov 2b yiveror uéyiero) axolovOnee tyy &g dradikacio:

Apyika avtikatéeTnos To X ue 1o X + € (0 io1og ypnouonoinece ta ypauuoro A Kot
E avti yio X Kat €) Kal TPOKEWEVOD VA GOYKPIVEL TV GYEGI TOV TPOEKVYWE UE THV
apyikij cyéci), Bewpnoe TRY «Wevdo1eoTRTAN :

b(x +e)—(x+e)?=bx+be—x?—xe—e?= bx—x?

Mezad Ty avaywyn 6uo1wv 6pwy o10apel ue To € Kot Eyer:

2x+e=b

. , P ‘ b
Télog, didyvel To € Kal KaTAlRYEL 6TV IGOTHTA: X = 2

Avotoyws o Fermat dev eéijynoe moté ue apkety capnvelo Ty Aoy fdon e
ueboodov tov, Kar 01 16TOPIKOL EYOVY OPKETES OAPMVIES WS TPOS TO TI EVVOOVLOE
telikd. Mia epunveio 5 omoia gival o KOVTd GTIS GUYYPOVES AVTIANWELS, Eival N
TOPOKATO:

Av f(X) eivar éva uéyiero the eovaprnons f arné v ypapixy rapderacy paivetal
oty tiuny s T adddder wol apya Kovrd 6To X

A

|

X xte

 J

Av 7o e givat apretd uikpo tote ta f(X) ko f(x+e) eivar kara mpocéyyion ica,
f(x)=f(x+e) oniasq f(x)—f(x+e)=0.
Av f(X) eivar molvdvouo tote to f(X) - f(x+e) Oa dwapeitar ue o € rar Oa Exovue
f(x)—f(x+e
(9=1(x+e)
€
Kdl TO Op10 avTOU TOV A0Y0v 0TaAY TO €— 0 gival 0 GVYYPOVOS OPIGUOS TIS TAPAYDYOV
onlaodn ieodvvausi ue to va ypawovus f7(x) =0
Ilpéner va Toviecovue o6t1 o Fermat dev amaitnoe to € va &ival «uikpo» 0vte Kal
avapipOnke oTov voloyicud Tov opiov Kalbws to e— 0
2e uia TovidyioTov mEPITTOON YeIpioTnKe T X Kou X + € ue éva kabapa olyefpixo
Tpomo , wg draxpités piles s e€icwong f(X) = ¢
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vi
f(x+e) ~f(x)

N
N . - - - -

+
[¢°]
=Y

y

‘Eypawe f(X) = f(x+e), éxave avaywyi opotwy 6pwv, diaipece ue to € Kai 610 160G
TOPELEIYE TOVG EVATTOUEIVAVTES OPOVS GTOVS OTOIOVS DIHPYE TO €, GTHPISOUEVOS
670 Yeyovig ot otav c= =f(X) civar g uéyiory tiun s f, o1 6vo piles civai ices, apa
e=0.

Awviooicotnra — Fermat — Iedétnto
524 Atveton mopayoyiowyn cuvaptnon g:R — R, yio v omoia woyvst:
xg(x)—e* <mu2x-1 yo ke x € R . No amodeifete ot g(0)=3.

x-1
525.Av 2InXx>o—— vy kébe x>0, va amodeiete 6t1 o= 2.
X

526.Aiveton cuvaptnon f, mapayoyiciun oto R, yio v onoia ioyvovv o1 oyécelc :
e (X)+x<x*—2,xeR ko f(l)=-2 .Na Bpeite mv e&icoon g
epantopévng me C, oto onueio A(L2) .

527.Aiveton 1 Tpeig popég mapaywyion cvvdpmon f:R — R,y v onoia
wyver: 2f (x)= f(3)+ f(4), xeR. No anodeitete otu:

o) f(3)=1(4)

B) vapyel TovAdyioTov éva & € (3, 4) TETO10, DGTE 1] EPOTTOUEVT] TNG YPOUPIKNG
napdotacng me f” oto onueio M (é, f"(i)) vo. givan TapaAAnin ctov

G&ovo XX .

IIA00g axpotaTV

4 B;‘ +7+x 2007, pea,peR*, x,yeR.

4 It Je r I3 7 7 2
Av 1 f éxel tpia Stapopetikd Tomikd akpdTata, va amodeitete ot B > 3ay .

528.Atveton n ouvépmon f(X)=
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529.Atveton mapaywyicun cuvépmon f R — R* yia v onoia woydet 6t

f ’(X)+(X—1)3 f2(x)=0. Na Bpeite ta axpétata mg f.

530.Na omodeifete o1 n cvvapmon f(X)=(x— (1)2 (x— [3)2 (x— y)2 , u<B<y éxet
Tpio TOTKE EAAYIOTA KOl SVO TOTIKA PEYIOTA.

531.Na amodei&ete OtL, av yio pia cvvdptmon T, mov sival tapaywyiciun oto R,
woyver F2(X)+ x> =1+2xf (X) 1018 f dev £xet axpodTaTa.

Amokielopnég akpéTaTov 6ta dxpa Tov [a, B

532.Atveran mapayoyiown covépmon f:[-L1] >R, pe f(x)= (X2 —1) f'(x) ya

KkéOe X e [—l, 1] . Na anodei&ete 0t 1 f eivor n undevikr cuvaptnon.

533 Ecto n cuveyng ovvaptnon f:[0,1) > R pe f/(0) <0 .No Seitete ot f dev

mopovctdlel eldyloto oto 0

534Ecto f :[2,4] - R wao mopayoyiown ocvvaptmon pe f'(a) >0, f'(B) <0 .Na

Oei&ete 0TL LVIAPYEL & €(a,B) TéTo0 dote f'(E)=0.
Hpopmjpata

535/Ecto M (X, y) onuelo g evbeiog £:2X+3y =6 pe tetunpévn X € (0,3) . Av
K,A ot poPolréc tov M otovg dEoveg XX, Y'Y avtictorya kor O 1 apyn tov
a&ovav, va Bpeite To M, dote to opboydvio OKMA va €yel péyioto eufadov.

536.Na Bpeite v eAdy1oTn KOTOKOPLOT ATOSTACT LETAED TOV YPUPIKDV
napacticenv Tov cuvaptocey f(X)=x>—2x*+x+5 kot

g(x)=x>-3x*+9x -15.

537.Na Bpeite onueio g ypopikig napdotacng g cuvdptnong f (X) =e* +1 nov

améyel T pkpdTepn andotacn and to onueio A(L1).

538.Ectw M(X,Y) onueio g svbeiog &:2Xx+3y =6 pe tetpnuévn x €(0,3). Av
K,A ot poPolréc tov M otovg GEoveg X'X, Y'Y avtictoyya kon O N apyn tov
aovov, va Bpeite 0 M, dote 10 opboydvio OKMA va €xet péyioto eufadov.

539. Na Bpeite evbeia mwov diépyeTan amd T0 onueio A(2, 4) Kot oynuatilel pe tovg

Beticovc nuiaoveg, tplymvo pe eldyloto euPadov.
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IXTOPIEY I'lA MET'IXTA KAI EAAXIXTA 1
2t0 pPiio Tov  Nova

Stereometria doliorum

“The diversity of the phenomena of vinorum ( Néa otepeouctpia

nature is so great, and the TV 01v0ﬁ'a’pg],a)v I Kepler

treasures hidden in the heavens so n'gplypd(pgl &va eme166010 e

rich,precisely in order that the Caric 0D .
fiuman mind shall never be acking ;

in fresh nourishment.” o aap GHOTIOTIIKE 70

pOworwpo tov 1613:

IIépvaor Ttov Aexéupfpio |...]
pepa 6T0 GTTITI TN Vi
oblvyo btav n Averpio, Tov evTlNGE VA EXEL Hia TAOVGLA GOOELL EKIEKTAHV
oTAPVLALDY, Hoipale Ta mhovty TS [...]. ZT0 Aivts nn 6y0n frav Karducoty ano
owopfapeia wov wovliovray cg Loyikij tiuj [...J. I't avto to Aoyo, dliwaerte, molid
Popéiia THpav Ty dyovea mTpos To GTiTI Hov, 670V Kal TomoleTiiOnkay 6Ty cEIpd.
Téooepis uépes apyotepa kotéplaoe 0 TWANTHS Kat 0yKousTpnoe oia to fapéiia,
XOPIS va Ta J1aKpIvEL, aolapo-

POVTOS YIA. TO CYHHUA TOVG, YWPIS CKEYN 1] KATOL0V DTOLOYICUO. Z0YKEKPIUEVaA, EXM
VE TNV JAAKIVI] GKPY EVOS KOVOVA JIGUEGOD TOD GTOUIOD ATO TO 0TOI0 YEUILEL TO
Papéi, domov va pldcel oty arévavti axpn kalevos amo tovg Evlvovg dickovg
OV TOVG avapipovus arid g Tobuéves. Kot uoiis to unrxog uéypt Tty dxpn tov
OloKOV 6TH KOPVLPI] HTAY (60 UE TO UIJKOG UEYPL THY AKPT] TOD dAL0V JiCKOV 6TO
£0apog, 0 TWANTIS OAWVE TOV apIOUs TV GUPOPEDY TOV TEPIEXOVTAL 6TO Bapéil,
EYovTas amiaig GHUEIDNGEL TOV aplOUo OV EYPAPE 0 KAVOVAS 6TO CHUEIO TTOV EANYE
70 cvyKeKpiuévo unkos. ‘Eueva katarinktogs.’Ovrag veovoupos, Oswpnyoca npémov
VO, EYKOY O GE Eva vED AVTIKEIUEVO HAONUATIKADY GTTOVOMDY KOl VO, SIEPEVVIIG O TOVS
YEWUETPIKOVS VOUOVS HIOS UETPNONS TOGO YXPHOIUNGS TN OLOYEIPIG THS OIKIOKIS
OIKOVOUIAS, HE GKOTIO VA, OlacaPNVIew TH fden THS, av DIAPYEL TETOIO.

To xvpio arwotélecua mov mepiéyel o Pifiiio tov eivar To Ocwpyua N (uépos
0evTEPO):
«A®O 6400S TOVS KVAIVOPOVS pE TNV I010 J1AYOVIO, 0 HEYAIVTEPOS KOl UE TH
HEVIOTH YWPHTIKOTHTA EVOL EKEIVOS GTOV 0TT0I0 0 A0Y0S TS SIOUETPOV THS fdons
TPOS TO VYOS 160VTAL HE V2»
Me dida 2oy1a To ovykekpruuévo Ospyua mapéyel tyy Avon tov apofijuarog: Xe
0EO0UEVY COAIPA VO EYYPAWETE EVA KOAIVOPO UEYIGTOV OYKOD.
Mmropeite va to AVoete;
A@ob anédeirée to Oedpnyuo (ue yewuetpixo tpomo) o Kepler éypawe:
AmO avto yiveTar pavepo 0ti, 6Tay KoTaokevdiovy éva Bapéil, ot aveTplaxoi
Papelomoioi, Jeg kou Kka@oonyovdvrar arod TH KoY Kal T YEOUETPIKI] LOYIKH,
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Aaufiavoov wg axtiva THS fdons TOv To Eva TPITo TOV BYWoUvS THS

Popelocavioas. Otay yivel avto, 0 KOAIVOPOS TOV KATAGCKEVALETAL VONTA PETAED
TV 0V0 fdcewy Ba amoteleital amo 0vo nuicea, kabéva amo ta omoia Oa
IKOVOTOIEL pe Kol mPocéyyion Tig cvvlnKes Tov Bswpruatog Kai, £tol, Oa Eyel
HEVIOTH YWPHTIKOTHTA, AKOHUA KoL OV CHUEIOONKAY KAT01ES HIKPES

TOPEKKAIOELS Ao TOVS AKPIPElS Kavoves KaTd TV KATAGKEDY ToV fopeiiod, 010t
1 YWPNTIKOTHTA TWV CYHUATWV TOV TPOGEYYILOVY TOLD TO félTIoTo pueTafdiieTal
glayieta [...]. Kai Tovt0 eme1dn minciov evos ueyiotov o1 uEIDOGEIS EKATEPWOEY TOD
eival oty apynj overoicOnres.

Kvptotntoe — Znpeio Kapmig
Megiétn cuvapTnong og TPog TNV KVPTOTNTA-CNUELN KOPTNG

P Y

I

I

Fo—to—t-—t-
I ] 1 I 2
i

F

I

I

540.2t0 dumhavo oynpa divetot n ypaeikn remt - M
TopaoTacn s topaymyov T picg — ‘:2
ovvaptmong f. L--L--%.&
a) No Bpeite to nedio opiopod Kot 10 A . ‘

] | I ]
B Sy S T R
| | | [ ] | ' ]

oVVOAO TIUGOVY TG cvvaptnong f oLl
B) Na mpocdiopicete ta dtuotnpaTo o
povotoviag kot Ta. akpdtata g f
v) Na tpocdiopicete ta dractipoto kuptotntag g ot tig 0éceig tav
oNUElOV KAPmNg .

541.%10 duthavo oynpo Slvetal 1 YPapIkn
napdotacn g mapaydyov T uiog
ouvaptong f.

a) Na Bpeite to medio opiopod Kot 10
oLVOLO TIUGOV TNG cuvaptnong '

Lol _1__1__ s R

B) Na mpocdopicete ta StaotnpoTo povotoviog kot Tig BE0E1S ToTIK®Y
axpotdtov g f

v) Na npoodiopioete ta doothpata Kuptomrog tng f, kot tig Oéoeig Tav
onuei®V Kapmng tne.

542 %10 duthavo oynpo dlvetal 1 Ypopikn
napdotaon g mopaydyov ' piog
owvaptmong f.

a) Na Bpeite to nedio opiopod Kot 10
oOVoAO TV ¢ cuvaptnong f

©

-r——r——r;{"——T——T——-

——l__1__1 LY
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B) Na mpocdiopicete ta dtuotnuaTo
povoToviag Kot TG 0£c€1g TOmKOV
axpotdtov g f
v) Na npoodiopioete ta doothpata kuptomrog thg f kot tig Oéoeig tav

oNUEI®V KAUTNG TNG.

543.Na Bpeite To Sl00TNUATO, GTO, OTTOT0 O1 TUPOKATO GLVAPTAGELS EIVaL KUPTEG 1
KOTAEG KOl VO TPOGOLOPIGETE TOL O UELN KAUTNG TOVS (OV LITAPYOVV).

o) f(x)=x"-6x"+7x-2 B) f(x)=x*
) f(x):ie;szl 8) f(x)=xInx

544 No peheTOETE (OG TPOG TN LOVOTOVIO KO TO ONUEL0 KOG TIC GUVOPTNOEL :

2x*—x%, x<0 x> —4X+6, X<0
* f()():{4x2—x3, x>0 b) f(X)z{x3—6x2—4x+6,x>0

KvptétnTto kol epamtopévn

545.Atveton n cuvépmon f(x)=e* +(x —l)4 , XeR.
o) Na amodeifete 6t n f givan kupty oto R.
B) No Bpeite v epomtopévn g C; oto X, =0.

v) Na anodeifete ot €° + (X —1)4 >-3Xx+2 yio ke xeR.

—x+1

546.Aiveton 1 ouvapmon f(x)=Inx—e™, x>0.
o) Na amodeitete 6t f eivon koikn oto (0, +oo).
B) No amodeifete ot f (x)<2x—3 yia kébe x>0.
547.Alvetar cuvaptnon f mopayoyiown oto R yio v omoia woyvet:
lim )=
-l x-1
a) Na Bpeite v e&icmon g epomtopévng g C; oto onueio A(l, f (1)) .

B) Av 1 f efvon koidn 610 R, va omodeifete ot f (X)—7x+4<0 yio kdbex e R.

Evpeon mtapapétpov

4 aXS 2

548.Av |a| < 1, va dei&ete 6TL M cvvdptnon f(X) = —:—2 3 X? +3x—1 givon koidn
oto R.
3
549 .No. Bpeite T1c TIwéG TOV 00 dote N cuvaptnon f(X) = x4 -ax® + > X2 -1 va givat

Kvpt oto R.
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1
550.Aiveton 1 ovvapton f(x)=alnx+=,x>0,a>0 .Na Bpeite tn Tuf g
X
ToPOPETPOL o ,00TE N epantopévn e Cr oto onueio kopmg g va Sépyetot
4
omo to onueio M (—,Oj .
a

551.Aiveton n ovvaptnon f (X) = (k —%j x® —(X + %j X* +2x-5, xeR. Na Ppeite

, . . 3
0 LeR, oote N fva mapovoidlel kopmm 6to X, = >

552.Atveton n ovvépmon f(Xx)=ox* +px’ +yx* +8x+¢e, a#0, xeR. Avn C,

8
éyet 800 onpeio Kopmig, vo amodeitete ot B° > gocy .

KvptétnTtoe amé cuvOikn
An6d€En avicoTTOV pe kKuptéTnTa Kol ©.M.T

553.Atveton n ovvéptnon f(x)=xInx,x>0.
o) No amodeilete 6t 1 T elvon kvpTy.
oa+p o
554.Atvetan cuvépmon f, mopoyeyicym kot koin oto [0,5] pe f(2)=0. Na
amodeitete om 3f (0)+2f(5)<0.

B) Av 0<a <P, vo amodeitete 61t a“p’ > [

555.Aiveton ovvaptnon f ntapayoyioyun kat kuptm oto R . No anodeiéete ot
f'(x)< f(x+1)—f(x)< f'(x+1), xeR.

H f dev mapovoraler kapm

556.Eotm wa ovvapmon f: R — R yio v omoia woyder f7(X) #4f'(x)—4f(X) v
k40e xeR . Na deitete 6t cvvapmon g(x) =e > f(x),xeR , dev éxst

onuela KOUTNG.

557.Aiveton cuvaptnon g, 600 opéc mapaymyiciyun oto R, yio tnv omoia woyvet:
9% (x)+(x—4)g(x)+x* =0 ya kafe x € R. Na anodeifete 611 M ypogpun

TOPACTOOT TNG g gV £xel onueio KOpUmNg.
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TI'eopeTpikdg 160G oNpEi®V KOPTNG

558/Eotm n cvvaptnon f (X) =x* -3x’cvv2a + 2XoLvv’ 20 + u’2a, X,a € R . Na
amodei&ete OTL Y10 OMOONMOTE TN TOL @ 1) YPOEIKN mapdotaon g f éxel uovo
éva omnpeio Kopumng, To 0moio Yl TIG SIPOPES TILES TOV O OVIKEL GE TAPOAPOAN.

559.Atvetan 1 suvépmon f(x)=3x*—6e*, x,a € R . Na Bpeite 10 yeoperpucd

om0 ToVv onpeiov kapmg g C, , Kabmg to a dratpéyer o R.

OeOPNTIKES UK GELS

560.Ecto cuvapmon f napayoyioym kot koiin oto Rpue f(x-1)=f(3-X) yu

k@Oe x € R .Na pehetmioete v T w¢ mpog t povotovia kot to akpdTata.

561 Eotm ovvaptnon f 800 popég mapaywyioyn pe ' kopt oto R. Av f"(l) =0,
vo ueketioete v f og mpog ) kuptdTTa KO Vo Bpeite To onueio Kapmnig ™G,

562 Eotm napaywyiown kat kupt oto R cuvapton f. Av n f mapovoialer péyioto
0T0 X, vo omodeifete 6T f eivan otabepr) cuvaptmon.

563.Aiveton ovvaptnon f napayeyicyun kot kvpti oto R. Av f'(1) >0, va
anodeifete 6t lim f(X) =+
X—>+00

YovOeTeg ook oELG

f(x)—3x
564.Aiveton ovvaptnon f napaywyiown oto R, pe IimL =1 ko f(4)=6.

x>2  X—2
0) No onodeitete 6t f(2)=6.
B) No Bpeite v epantopévn g C, oo onueio A(2, f (2)) :
v) Na amodeitete 0tim gvbeia Yy =xX+3 tépver ) C, o€ £va TovAdyioTov
onueio pe etpmpévn X, €(2,4).
&) Av n f givan koikn, vo anodeifete 011 vIEAPYEL akpIPdC Eva & € (2, 4) 010
onoio n f mapovsialet Tomkd péyisto.

565.Aiveton ovvaptnon f 600 popéc ntapaywyiciun oto [1, 4] Yl TNV oot 1oyvEL:
(923" (1): £(3)

—

Ko | f ”(x)| <2 ke X €[1,4]. No amodeilete 6tu
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v) Hf éyel oto didotpa (1, 4) TovAdyloTOV 600 Kpioua oneio Kot
TovAdytotov pia mhovn Béon onueiov koumnc.
3) |f'(4)<2.

566.Aiveton cuvaptnon f tapayoyiciun oto R, yuo thv omoia ioyvet:
f’(x)zw, xeR.
27 +1
a) No peletioete oG Tpog v povotovia n cuvéptnon g(x) =f(x) —3x.
B) No anodeilete 011 1 ypapikn mopdotacn g T téuver v gvbeia y =3X 10
TOAD G€ éva oNUEio.
v) Na anodei&ete 6t T eivarl kupth oto R.

8) No vrroloyicete to 6pto lim [f (x+1)—f (X)] :

De L’ Hospital
- = Guillaume-Francgois-Antoine Marquis de I'Hopital

1661 Iapiocr — 1704 Iapiot

To ovoua tov axolovlsitar amd apkeTovs TITAOVS

OKOUO OEOOUEVOD OTL TPOEPYOTAY ATTO APIGTOKPATIKY

owcoyévera To ndbog tov yia ta pabnuatina

EKONAADOnKE amo moudt Kol mopoio mov axolovOnce

OTPATIOTIKI] KOPIEPA, OEV EYKATELEIWE TTOTE TOL

HalOnuarixd.

Kabopiorixij yio tqv (o1 tov amodeiyOnke n covavryon

tov ue tov omovdaio Elferé pabnuatiké Johann
Bernoulli za éin tov 1691. ( O Bernoulli tote 24 etdv, ciye nast oro Iapioct Kai
gowe o10dé&e1s oyetind e Tis televtaies eéeliéels ota palnuarind, oniadn, cyeTiKd
He tov dapopixo Loyicud tov Leibniz) O |’ Hépital 6yt puovo moparxoiovbnce tic
O1aAEGE1S TOV alAd TO TTPocélafe Kal ia 101aitepa pobiuaza.
To 1696 o |’ Hépital onuocicvce to npdto SI0GKTIKG EYYEIPIOI0 YIA TOV SLOYOPIKO
Aoyicud, Avdivon TV ATEPA PIKPADY PLA THY KATAVONOH TWV KAUTUAMY PPOUUEY
(Analyse des infiniment petits pour |’ intélligence des lignes courbes) faciouévo orig
owiééers rov Johann Bernoulli to omoio eiye pia tepdotio emrvyio kou o éva
ueyalo ypoviko owdetnua (éwg to 1781) arotelovee to uovo npocfdciuo opouo 6to
O1aPOoPIKS AOYIGUO.

To eyyeipiono apyiler ue 660 opiouovs:

Opiouos 1. Merafintéc mocotntes eival avtés mov avldvovral 1 HELDVOVTAL

CVVEYWDS EVA Hia 6TAOEPN TOGOTNTA TOPOAUEVEL N 1010 KOOGS AIAES OlAPEPODY.

Opiouog 2. To dameipa pikpo tuijua Kotd to 0mOio pio. UETOPBINTH TOGOTHTA

avEAVETAL ) HELDVETOL CVVEXDS OVOUALETAL OLAPOPIKO OVTHS THS TOGCOTHTAS.

270 i010 eyye1pioto supaviCeral kKat 0 0pIGUIS THS EPATTOUEVNS. AEdouEVOD 0TI Exél

0pIGEL TNV KOUTVOAN WG EVO TOLDYWVO UE ATTEIPO TAO0G TALvpdV, 1] Kdbe uia dreipa

HIKPOV HHKOVG, OPILEL TV EQARTOUEVY GE CHUEID KOuTUANG s THY evleia ypouun

OV TAPAYETAL ATTO TNV ATEWPA UIKPI] VO ypauulj 6& avTo to onusio.
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Z& avto o eyyeIpiolo spupavideral exicns o yvwaetog ws «Kavovag tov |’ Hopital » o
omoiog ouwg Exel §on gupavierei to 1694 o¢ yparto rov Johann Bernoulli (6rwg
Kdl TO, TEPIGCOTEPA ATTO 0G0 TEPIEYEL TO Fifflio Tov)

0
Anpocoréproth popoen 0

567.Na vroloyicete To TOPUAKATM OPLAL :

28" — . In? . In(x-2
o) lim ¢ ~2 B) lim l? X Ilm%
x>0 4x x-1e —e 2" In(e* —e”)
*o0
AmpocoropioTn popeny —
+oo
568.Na Bpeite To TOpAKATO OPLOL
. .0 . o
a) lim ix p) lim nxx y) lim n@+e”)
X+ @ X+ @ X—>—00

Anpocdropiotn popen (+00) —(+0) 1N (—o0) —(—0)

569.Na vroloyicete Ta TOUPAKATO OPLOL:

o) lim (e* —x—x*) B) lim (x*~In2x) ) lim [ln(e*+1)—x]
570.Na Bpeite Ta mapaxdto dpo:

a) lim(x—/nx) B) lim(x*—¢%) y) lim (fnx—x® + x+1)

8) lim(e*—x) g) lim (e” —x*+3x—1) ot) lim (x* +1-3")

§) lim (x* —n(x* +¢*))  m) lim (x—(n(L+2e*))  0) lim (e** ~Inx)
Anpocoropiotn popen 0-(Fo0)

571.No Bpeite ta TapaKdtom opio:

a) Iing(x%nx) B) lim(x%e*) y) lim {xfn(lJrlﬂ
X—> X—>—0 X—>+0 X
1
5) |ing"7¥ &) lim(xe") 67) limxinx
ex
L 1 1
8 Iim{x(eX —1)+x|n(1+—ﬂ n) Iim[x(eX —1)} 0) Iim(x3-ln2x)
x—0" X X—>+00 x—0"
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Ampocdropioteg popeég 0°,1°,00°

572.No vroloyicete Ta TUPAKATO OPLOL:
1

. x—1 . X . 1

a) Ixm(x—l) x>1 B) XILrpaox Y)XILTO(In X )x
N NI
) X'L’El(nux) £) XILrQ(XH)W o7) X'L’ll(e ~x)

Avaivon opiov o€ facika 6pra

573.No vroroyicete ta Opra:

. . 1 .
a) Ilng(eX =1 (nx B) limenu= Y) Ilrrg(l—e‘x)énx)
X—>! X—>+00 X X—
Evpeon opiov and kavéve De L Hospital kar opiopd napoydyov

. e  +oxnu2x— 2Xx—x 9
574.Av IIrTg +oxnu > Bouv =E,va Bpeite ta o,feR.
X—> X

575.Atveton 1 ovvépmon f(x)=xInx—x+1,x>0

a) Noa pelenoete v f ©g Tpog T povotovio Kol To akpOTUTA.
B) Na amodeitere 6Tt XInX > x -1 yia k6O x>0
v) Na Bpeite 10 6OvoA0 TGOV NG f.

576.Aiveton ovvaptnon f, ue cuveyn devtepn Topdywyo oto R . No amodeilete 011
f(x—2h)+ f (x+2h)-2f(x)

@ tim = - ()
_f(x=2h)-2f(x)+ f (x+2h) ,
py tim 2221 ~417(x)
Yovleteg

577.Atvetan mapayoyioyun covépmon f:R —>Rpue lim [ f'(x)+ f (X)] =2.Av

X—>+00

vrapyer oto R 1o opro  lim f(x), va amodeibere otu:
X—>+00

a) lim f(x)=2 B) lim f'(x)=0

X—>+00

578.Aiveton napayoyiown covaptnon f:R—>Rue lim [Xf "(x)+ f (X)] =1.Av

vrapyetoto R 1o 6po lim f (X) , Vo, amodeifete Ot

X—>+0

a) lim f(x)=1 B) lim f'(x)=0

X—+0 X—>+00
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579.Na amodeifete 6T e€icoon In? X =2xINX—1 éxet axpPdg pa pila 6to
(0, +oo) )

AoVunTOTES

Evpeon aoopatotov pe yvoot f

580.Na Bpeite 11§ AGVUTTOTEG TOV YPUPIKOV TAPACTACEDY TOV TOPUKAT®

GUVOPTICEWV:
X? 42 X—2 X’ +3x+4
f = f = f -
) F(x) x>+ X B (x) X+5 M (%) X—2
8) f(X)=v4x*+3x+1-2x ¢ f(x):InTX ot) f(x)=xInx
e +2 pX _
f = f =— 0) f =xe™"
9 f(x) o 1 n) f(x) < ) f(x)=xe

Am6o€1En TAAYL0S AGVUTTOTIG UE OPLGUO

e . . 2x* —5x+1
581.Na amodei&ete OTL N YpOPIKN TapdcTtaon e ovvapmmong f (X) =

o x=2
£xel aoOUMTOTN 0T0 +o0 TNV gvbsia y=2X-1.

X

2e

582.Aivetor 1 cvvéptnon f(x)=x+1— Lo
+€e

o) HevBeioy = X + 1 givar acOumtot ™m¢ Cr 610 -00.

B) Hevbeioy =X - 1 givon acOuntw g Cr 070 + 0.

Noa dei&ete 01U

583.Atvetan suvaptnon f mapaywyicwn oto (0, +OO) .Avn evbela y =AX+B,A =0
givar acvumtom e Cr 610 +o0, va amodeilete Ot

@) lim f'(x)=2 B) lim [ f(x)—xf'(x)]=B
Evpeon acopatotov axd cuvonkn

1
584/Eotm ot cuvaptioeis : f, g : R>R  ue g(X) =f(X) + X + Xnu— vy kéBe X 0.
X

Av 1 evbeio Yy = 2x + 3 givarl acopntot g Croto  +oo, va Ppeite v
acvpurtetn g Cg 610 +00.
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585.Ectm o1 mapaywyiciueg ovvaptioes: f,g:R—->R peg(x)=f(xe™),xeR .
Av 1 evbeio ¥ = 2X +1 epdntetar g Cr 610 X0=0, va fpeite TNV acOUTTOTN TNG
Cyot0 +00.

586.Aivetar ovvaptnon f:R —>R |, ywo v onoia woydet 6T
2x% +x* - 2017

2

2x+1< f(x)<
X

v kd0e X € R. Na e&etdoete av n C; £xet

TAQY10 OCOUTTOTY) .
Evpeon ntapopétpov

ax® + Bx

587 Ectw 1 ovvapmon f(x)= ,X#2, a,BpeR .. Avnevbeio g1y =2x—1

glval aoVUTTOTN TG YPUEIKNG Ttapdotaons g f oto +o , va Bpeite ta ao,p.

588.Aivetar ) cuvapmon f(x)= 2BX$ . Na Bpeite to a,pe R, doten
X +ox+p
ypoikn mapaotoon ™ T, va éxetl katakopueeg achumtmteg Tig evbeieg x =1

Kot X=4.

(a—1)x* +PBx+3

X—=y
ot gvbeieg X =2 ko1 y =2 va givar acopuntotes s C, .

589.Aiveton  ovuvéptnon f (X) = . Na Bpette ta o,B,y e R, dote

590.H gvbela Yy =3X—7 lvar aoOpmTm™ TG YPAPIKNG TOPACTAONS HinG
ovvapmong f oto —oo.

a) No Bpeite ta 0pua lim w kot lim [f (X)—SXJ.
x>0 X

X—>—00

) o aof (x)+4x
B) Na Bpeite 10 o€ R yio to omoio lim 5 =
x>0 xf (X)—3x* +3x

Evpeon opiov amd 10 0cdpnpa g TAGYLOS ACOUTTOTIG

591.Avn evbeio Yy =4Xx -3 &ivol aoOUATOTN GTI YPOPIKT] TOPACTOCT LLOG
(x—1) f (x) +3x* —=5x+2
x* — X '

ocwvaptong f 6to -0, va Bpeite 1o dpro  lim
X—>—0

592.Aivovtat o1 ovveyeic cuvaptoelg f,g9:R — R, yio 11g onoieg oydet:
f (X) -g (X) =X—4 , xeR.’Eotm 0111 evbeila Yy =3X—7 etvor acvunt@™ NG
C,; o010 +.
a) No vroAoyicete ta Opla:
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) IimM i lim g(x)+3x+?p2x
Xt X oo xf (X)—3x° +1

B) No amodeifete 6Tin gvbeia y =2X—3 eivor acdpntot g C, 610 +o0.

Yovleta Oépato

593.Aivovtat ot cuvaptioel; f,g: (O, +oo) —> Ry t1g omotieg woyvet
|g (x) f(x)+ X2| <xInx ya x40e x >1. Av o1 ypagukég napooticelg tov f,g

déyovtor mAGylEg 0OVUTTTOTEG 6TO +o TG €vbeieg g,,&, avtiotolyo, va deibete

om g leg,.

594.Aivovtan ot mapaywyioweg oto R ovvaptioeis f,g yio tig omoieg woyvet:
g'(X)=f'(X)+3 ywokabe XeR. Av o1 Ypoa@ikég TOPUGTAGEIG TOV
ovvapmoewy f,g téuvovrar eni mg evbeiag X=2 koun C; £yel aoduntmT 610

+o0 v gubeia Y =—X+2, va Bpeite v aodpntom mg C, 610 +oo.

AOKNGELS 0T HEAETY] CUVAPTIONG

595.No HeEAETNGETE KOl VO TAPOAGTHGETE YPOPIKE TIG GLUVAPTHOELC.
W f()=222 B f ()= 2x" —x°
X —_

596.0po0img TiIc CLVAPTNOELS :
o) f(x)= ex(x2—2x+2) B) f(x)=x%"
1
1) f(x)=xex
. ) /nx
597 Eoto n ovuvapmmon f(X)=2x+—
X
a) Na deiéete 0TL LNX < X Yyt kéBe X >0
B) Na deilete 0t T givar yvnoing adéovca
v) No Bpeite ta dSwwothpozoe wov 1 T eivon kopt) 1 KoiAn Kot To onueio Kaumng
mg Cr
0) Na Bpeite ™ oyetikn 0éon g Cr ko g evbeiag &: y = 3X.
€) Na Bpeite onueio g Cr, 6T0 0010 1 EPATTOUEVT] TG, VO EIVOL TOPAAANAN
oy evbeia y = 3x +1.
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598.Aiveton 1 suvapmon f(x)= , XeR.

X

X2 +1

a) Na Bpeite ta daotipata ota omoia 1 f etval yvnoing avéovoa,ta dtuctuoto
ota omoia f 1 elvat yvnoimg ebivovsa kot ta akpotota g f.

B) Na Bpeite Ta daotpato ot omoio 1 f elvan kvupty|, Ta S10GTHNATO GTO OTTOT0L
f 1 elvon KoiAn Ko va Tpoodiopicete Ta onpeiol KOUTNG TNG YPOPIKNG TG
TOPAGTACTG.

v) Na Bpebovv o1 acuunTmTeg TNG YPUEIKNG TopAcTaons TG .

0) Me Bdon T1g anavTNoELS GO OTO EPOTALNTO O, B, Y VO GYXESIUCETE TN YPOPIKN
mopdotactn g cvvaptnong f.

Augustin — Luis CAUCHY (ITepict 1789 — Sceaux 1857)

To IHapiot jtav pia w6y oL GOYKAOVISOTAY OO OLAPOPa.
molitiKd yeyovota atov amonyo s I alliknc Enavdotacng
otav yevwwiiOnke o Cauchy. Tavtoypova fjrtay pie néin cTyv
omoia OlOacKaY 01 HEYAAVTEPOL HaONUATIKOI KAl PVGIKOL THG
emoyife.

O Cauchy ¢i61i0s ety Hoivteyviky Xyolj o Iapict to
1805, omov apyorepa éyve walnyntiis to 1814. Eiye non
OlATEAEGEL UNYOVIKOS OTIS Katackevés Iepupiyv oto
Iopiol, avtikeiuevo yio t0 omoio dev édelle 101aitepo
evorapépov. Ot dialééers tov yia tov Anelpootiké kar tov QLokinpwtiké Aoyicuo
oo Ilolvteyveio, ftav mapadsiyppata avetypijs Osuciiowaons twv Mabnuatikov Kai
KaTaTdGG0VTal 670 I6TOPIKd fiffiia Twv uabnuatikov. H ueléty tov ety Avdioven
Tapoveiace Tig faOVTEPES EPUNVEIES TV 0PIV KAl THG COVEYELAG.

Evocw irav otny Ipaya, to 1834 covavriiOnke pio popd ue tov Bolzano uerd and
apocKinen tov televtaiov. O opiouds s cvvéyelas tov Cauchy eivar wapouorog
He avtov Tov Bolzano, yepovic mov 001jyice kKdmo1ovs 16ToPIKODS TWV HaONuaTIKOY
va avapwtnBoiby kard méco mpdyuat opelidtay crov Bolzano (kart o omoio dev
amooeiyOnke).

Karl WEIRSTRASS (1815-1887)

Doitnoe oty Bovvy kou oty covéyela Ppédnke oto Miinster,
Omov Yia dskazpio ypovia JOldacke 6& OAPOPa YOUVAOID THS
emopyios, foravoloyia, yewypapia, aKouo Kal... YOUVACTIKI].
To 1864 éyve kaOnyntis oo Ilavemotijuio Tov Bepolivov. Ot
EPYAGIES TOV 6THY avdivon cuadeyay fabid v e€éién Twv
HoOnuazixoy tov 19°° aadva.

O1 L0V EMTVYEIS O1ALECELS TOV, TPOCEAKVGAY POITHTES ATTO OAO
70V Kéouo. Metalv twv Qsudrav tov ijtav n epapuoyl twv Lepdv Fourier kat twv
olokinpwuarwv, oty Mabnuatiky Pvecikij (1856/7), n eicaywyij ety Ocwpio twv
Avaivtikadv Zovaptioewy, n Oswpio yia tic Eldeirtinés covaptiocels, kalmg Kai
EQPAPUOYES GE TPOPAUATA YEWUETPIAS KAL UIYAVIKNG.
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2115 owaiééeis tov kard ta étn 1859/60 ue tov titio Eicaywyn oty Avdivei,
owgpevvnee ta Osuélia tov Aoyicuodv. Ta éty 1860/61, o1 dralééeis Tov apopovoay
Tov Oloxinpwtiké Aoyicuo. H guupoviy tov ue tiy avcTipoTtyTd TOV 00HYNGE
HETAED AWV, OTHY AVAKAIOWY GOVAPTHGHS TOV AV KOl GOVEYXHS TAVTOU, OEV Eival
movleva mopoywyiocuy.

H covelepopd tov sival aveKTiunTy Kot 660V 0popd 6Ty avetipl] Osuslivon Ty

HAONUATIK®DY 060 Kol 6TO YEPOVOS OTL TOIA0L ualdntés Tov vapéay emicns ordonuol
HolOnuarzixol.
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OAOKAHPQTIKOX AOTI'XMOX
Mia paxpaiovy ictopia...
O 00K qpaITIKGS A0YIoUOS YevviOnKe pe apopuij To. axdiovla wpofinuara: madg
HTOPEL va vIT0LoYIGTEL TO EUPadOV TOV YwpPiov mov opileTal amo uia Koumviy, Kol o
0YKOG TTOV OPICETAL OO HIA ETMIPAVELA KATA THY TEPIGTPOPH THS YUPW OT0 Eva,
vonto aéova.
H uébodog tng eéavrinons mov ypnouorotnjnke amo tovg ‘Eiinves yewuétpes,
Evdolo (mepi to 408 — 355 n.X) war Apywunon (wepi ta 287 — 212 n.X) npoimobitel
va yvwpiel Kaveis To amotélecpua Tpty TPofel 6THY amooEIH Tov.
O1 TPWITEPYATES TOV ATTEPOGTIKOD L0YIcHuov Newton, Leibniz, Cauchy oonynOnrxay
7O THY AVAYKN DTOLOYPIGUOD GTIYULAIMWY pOOUOY UETAPOIS Kol O1EPEVVHONS
KAIGEWV EPATTTOUEVOY EVOELDY, GTHY EVVOLD, THS TAPAYDYOV, GTNV OTOI0. GHUEPA.
otipileral 0 A1apopikis Loyioudos. Ouws mépa amo to mag uetafidilovral ot
COVAPTIGEIS HIA OEOOUEVI] GTIYUIN] sval arapaityTy pia uéQodogs mTEPIypaps yia
70 DS alpoilovral o1 oTIYUIAIES AVTEC UETAPOIES 6 Eva TETEPAGUEVO YPOVIKD
OldoTHUA Y10 Vo HaS 000¢el TEAIKD TO GOVOMIKO ATOTELEGUA (1] GOVAPTHGH).
O1 107 emoTiUOVES £EETALOVTAS TG HIO COUTEPLYPOPA. UETOPAILETAL
npoonaloicay va udafovv kai yio Ty 010 TH COUTEPLPOPU.
T mapadeiyua smbopoveay n YvoGn TS TOYVTHTOS EVOS KIVOTUEVOD GOUATOS VO,
TOVG OWOGEL T OVVATOTHTA VA TPOGOIOPIGOVY TH OGN TOV CAOUATOS COVAPTHGEL
TOV Ypovoo.
‘Eto1 apyioay va ueletovv sufadd empavelidv mov opilovral and Koumvies Kal
ApyIGE VA ONUIOVPYEITAL 0 OEVTEPOS KAADOGS TOV AOPIGUOD, 0 OLOKINPOTIKOS

Aoyi6U0G.

MEBooos ThS eEavTieems, mPOAYYEAOS TWY 0LOKINPWUATOV.

O1 Bafvidvior kar 01 A1yvrTior E0mwoay 6GTOVS Kol aKpifieis kKavoveg yia Ty
EVPEG EUPAODY PEWUETPIKOY CYHUATOV, OTTWS TOV TPLYDVOD, TOV TPATESIOV, TOD
kvxAov. I'ia Tovs Bafvlaviovs o apiBuds m gray icog wpos 3 (i idwa Tiun

avapépetal exions xai oty Halaid Arabnkn).
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TI'a tovg Aryomriovs o & fjtay icogs ue 3,160494. O1 wapardve eiyay ericng
CWGTOVS KAVOVES IO TOVS DTTOAOYIGHODVS TWY OYKWY TOV TAPIIINAETITE OV, TOV
TPIcUATOS, THS TVPOUIOAS Kl TOV KOKAIKOD KvAIvOpov. Ta yewuetpixd avtd
CYUATA HTAY COYKEKPIUEVA CTEPEC TTOV TA YPICUOTOIOVCAY (IS OO)XELA
anoOnKevons GITPOY.

O1 Apyaior Aryvmrion giyay emions Ppel Eva 6mGTO KAVOVA Yio. THY EVPEGH TOV
OYKOV KOLOVPNG TETPOAYWVIKHG TOPOUIOAS, ONA001 TOD GTEPEOD TOV ATTOUEVEL AV
OTOKOTEL 1) KOPVPN HI0S TETPAYWVIKIS TOPAUIOOS U’ Eva EMITEDO TOPIIANL0 TTPOS
T fdon. O1 Kavoves avTol siyay TPOKVWEL EUTIEIPIKA KOl ETPETTE VO TEPLUEVOVY
700G 'E2ANVeES Y10 va, HETATPATOUY GE ATOOEOEIYUEVES HAONUATIKES TPOTAGELS, TOV
GUVAYOVTAY ATO EVA GUVOLO OPIGUDY KAl ASIOUATOV.

O1 IPATES ATOIEIEEIS TOV KAVOVOV PLO. THY EVPECH UEPIKOV EUBAODY KAl OYKWV
avantoyOnkay amwo tov Evdoéo tov Kvidio mepimov ota 367 . X.

Evav aidva wepimov apyotepa o Apyiunong avérroée
Kol EKUETAILEVTNKE T PEOOOO TPOGEYYIGEMS TOV
Evdoov.

H puébodos avtij, oo tov 170 u. X arcddve ovoudoriyre
Hébooog s e€avrinoewg, anotélece Ty faon Kdbe

HETETEITA AVATTVOENS TOV 0L0KANPOTIKOD L0YIGHOD.

X

To owaypouua crraypapei Thv uédooo NG
EEAVTANGS TOV YPNCYOTOINGE O
Apyruiong yia Tov vroLoYIcuo6 TO
EUPadov KvkAKoD JlcKOoV.

Me Ttov Tpomo avto o0 Apyyunong uetolv aliwv

VITOLOYIGE TOV OYKO KOl THY ETLPAVELD

oQaipag, Tov 6YK0 Kal TV EMPAVELA

KOV, THY ETIPAVELD THS EAAEWNG, TOV 0A =1 oyKo
AB = sin(1/K)

omoiag touc mapafoiic amod Q;;r;aé‘(_"; '2)2.1-1
TEPIGTPOPY KAl OTOLA TOUNS VREEPLOING ano

TEPIGTPOPH.
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H uéfooog tns elavrinoews, otay epapuoletal yia Tapdoelyua 6TIS EXITEIES
EMPAVELES, UTTOPEL VoL O1ATVTTWOEL pe GVYYpovo Tpomo ws eEnNg:

«Otav d00¢i wia ppayuévy covaptnon f(x) opiouévy yia a <x < ff to didorTyua
[o, B] umopei va droaupebsi ¢ v vrodiacTijuatao péew Ty oRusiomv

o =X, <X;... <X, =D wou va eynuaticOovv ra abpoicuara Evdolov-Apyiuijon, ue
dalpoicn v opwv kabe évag amoé tovg omoiovs givar yivéuevo purag tiuns s f 6’ éva
EVOIAUEGO CHUELO TOD DTTOOIAGTHHUATOS ETTL TO UIJKOS TOV DTOOIAGTHHATOS AVTOD.
To opro Tv abpoicudtwy avt@v Kabwmg to Tlfog TV VITOOIACTHUATOY YIVETAL
TOAD peYdio Kal dpa T0 UNKOG KAOE DTOOIAGTHUATOS TEIVEL 6TO UNOEY Eival &6
opicuoY o oloxlijpoua s f mave oto [a,f].

O Johanes Kepler (1571 — 1630) otnv epyacia tov yio thv
Kivipon Twv TLovyTOY VToYPEDOINKE va. vIT0l0YIGEL TO
eufadov touéwv éMeryns. H uéfodog tov ovvieraro ortny
Occopnyon tov eufaddv wg abpoicuara ypouudv, oo frav
Hia ailn yovopoerdns uopei oloxiipwaens. (O Kepler dev

AGYOAEITO ue TNV AveTPoTRTO TWV EAjvev kot ftav

HAIAOV TOYEPOS TIOV EPTAGE GTHV GOGTI| ATAVTGH HECOD,
amo Laln).
O: Fermat (1601 - 1665), Cavalieri (1598 — 1647) ko Roberval (1602 — 1675)

HTOY 01 EMOUEVOL TTOV GOVELGPEPAY GTOV OLOKINPOTIKG AOYIGHUO.

O Cavalieri oonyiOnke otnv «uébodo Twv adwapétwvy amo
71§ mpoornadbeies oloklipwans tov Kepler. Aev jjrav
aVGTHPOS GTHY TPOGEYYIGH TOV KAl OV EVal EDK0L0 va
KOTavolGovus nws 6KEYPTOTAY THY HéBodo tov. Paivetal Tws

Ocwpovce THY ETIPAVELD WIS ATOTEAOVUEVI] ATTO ATEIPES

YPOAPUES Kal ueTd dOpoile to dmelpo miffog twv
«aotapérmvy tov. Me avtij Ty uébodo édeiée oti to oloklipwua tov X" and to 0

an+1

éwgs To a fTav ico ue (to £0¢1ée 1o O1d@opeg TIHES TOD N KAl HET COVIYAYE

n+1

TO YEVIKO KAVOvVa).
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O Roberval avriucrarmioe mapouoia mpofijuara alld frov morv o aveTpos
ano tov Cavalieri. @cipnoe ot to sufadov uetald uras Kaumrvins Kat pu1og
evlciog amoteleito and dreipo ninbog dreipa utkpay oploywviwv. Mg avtiy Ty
Ocdpnyon vroloyice o olokiijpwua tov X" and 0 éws 1 ko £deiée oT1 y Ty TOL
nrav katd mpocéypion 0" + 1™ + 2™ + .+ (n-1)M/n™L, eryv evvéyeia vrocTiipiie

011 KaBd¢ 10 N TEIVEL 6TO ATEIPO, 0 TPONYOVUEVOS AOYog TEivel ato 1/(m + 1)

O Fermat fjrav akxopa o aveTHPoS GTHY TPOGEYYIGH TOV, QAL OEY E0MWGE

anoociéels. Ievikevoe yio Ty wapafloin kal Tyy mopafoin:
Hapapoin: Ya=(h)? e& ()" = ()"
Ym‘:pﬂoili . y/a = b/x o0& (y/a)n = (b/x)m.

O Newton (1643 — 1727) éypawe éva eyyeipiono yia tig poés
(fluxions) to 1666. ITapélo mov n epyacia Tov dev
ONUOGIEVONKE AQUECWOS, EYIVE YVOOTH G TOLLOVG
HOONUATIKOVS KAl dOKNGE HEYIAN ETIOPpAGH oTHY KaTevBoven

7o arxoliovlnece o Loyicuds. O Newton erépthie éva

COUATION0 VO, CKIAYPAPEL P10 KOUTTOAN HEGD DO KIVOUUEVMY
ypouu@y mov §ray o1 covretayuéves. H opi{ovrtia tayvtyra X’ kai § katokdépoven
tayvTnTa Y’ frav ot poés tov X Kary mov cvvoéovrar ue T poi (flux) Tov ypovoo.
Ta péovra 1j péoveeg mocotnteg (fluents) sjrav ta idia ta X kar Y. Me avtdv tov
ovufolicud, to %’:f(x) Hqrav n epamrouévy oo T(X.y) = 0. Z7o idro eyyepioro o

!

Newton evlntd to avricTpopo npofiinua: ue dedouévy ™y cyéon uetalv X Kot % ,
va fpebsi o Y, mpofinua to omoio Avvel ue avtioiapopion. Emions ue
aVTIOIOPOPIGH DTEOAOYICE EUPAID KOl OVTH N EPYACIO TEPIEYEL THY TPATH PHTH
oatomwaon Tov Ocgucliddovs Ocwpnuatos Tov Aoyicuodv. I'ia Tov Newton n
0L0KAPOIGH GVVIGTATO GTHY EVPECH TOV PEOVCAHY TOCOTHTOV YId Uid OEOOUEVY
PO, KOl TG, TO YEYOVOS OTL 1] 0LOKAPOIGH KOl 1] O10.QPOPIGH TAV AVTICTPOPES,

vovogeito.
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O Leibniz ypnowonoiei tyy oloxlijpwon wg dbpoicua, ue éva tpomo wapouoio ue
avtov rov Cavalieri. Eivai ikavomoinuévos mov ypyoyonoisi ta «onsipoctarn dX,
dy exei mov 0 Newton ypnoiuomoici X’ kar 'y’ mov eival menepacuives TaybTnTES.
Ipopavag Kavels amo Tovg 000 Oev CKEPTETOL UE OPOVS GUVAPTIGNS AALA HUE
0povg ypapikv wapactdeewv. I'io Tov Newton o Loyicuos frav yemueTpiog, eve
o Leibniz rov mijye mpog tyv avdiven. Méypt ta 1675 o Leibniz eiye karaliéet otov
couPolicué |y dy=y*2

ypopuévo axpifiag onwg givar oijucpa. To amoteiéouara Tov yia Tov
0L0KINpwTIKG LoYicud dnpocicvTyray to 1684 kar to 1686 ue tov titio calculus
summatorius. H ovouacio 0J0kinpwtikiég Loyicuos npotdbnke andé tov Jacob
Bernoulli zo 1690.

. To emotéyaocua nfrav to 190 arcddva n axoudévwen s
= é évvoiag s oloklfpwaons katd Riemann (1826 — 1866) mov

opiletal uéow TV TPoceYYILovTwy alpoicudtwy.

Hapdayovoeg

599. Na Ppeite Tig TOPEYOLCEG TOV TAPAKAT® GUVOPTICEWDV:
1
o) f(x)=x° B) f(x)=—,x>0
X
) f(x):i& 8)f(x)=x\/§
600. Na Bpeite Tig TOPAYOLCEG TOV TAPAKATM GUVOPTICEDV:

Lo 1,2 3 (on
a) f(x)_npx—7+e x>0p) f(x)==+ +&,X€(0, j

X ouLviX 2
1 T
f(x)=2"- Xel0,—
v F(x) nu’x E( 2)

601. No Bpeite Tig TOPAYOLGES TOV TAPAUKATM GUVOPTICEDV:
1
a) f(x):(InXJr—jeX B) f(X)=ocvvX—xnux
X
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v) f(x):(l—ij-ei 8) f(x)=2™ yo0

X X
2 3
g) f(X)zex(nuX-i-GUVX), x>0 o7) f(x)=3XeX—X

602. Na Bpeite v cvvaptnon f yia v onoia 1oydet :
1
a) f'(x)=3(x*+1)(x*+3x+5)kar f(0)==
) 1/(x)=3(x" +1)( Jxat 1(0)=7
1
—X

B) f'(x)=2— , pe x<2 ko f(1)=-2

Y) f'(x):(x2 _X2_X1_3)2 , pe X e (3,400) ko f (4)=1
d) ‘”(><)=1+e_X e f(0)=In2+1

603. Na Bpeite cuvapmon f : (0,+00) > R ,6tav n Cr déxeton epomropévn o k6be

(x=1)e*

X2

onueio mg M (X, f (X)) ne kAion Ko diépyeTon and To onueio

M (Le+1).

604. No Bpeite cuvapnon f , mapayoyiciun oo (O, +00) Yl TNV OTO10L IGYVEL:
5
f'(x)=8x*—=+2 kot ypagi Tov TapdoTacn Siépyetar amd To onpeio
X
M (1,3).

605. Alveton aptia kot cvveyng ocvvaptnon f iR — R . Na amodeiEete 611

napdyovsa F g f , sivon meprrth suvaptnon pe dedopévo 6TtF(0)=0.

606. Atveton cvveyng cvvaptnon f:R — R Na Bpeite mv apykr covapmon F g

foto R, yio v omoia 1oyvovv:
e F(0)=0 kot

o 2xF(x)+f(X) = e yakade xeR.

¥ ovvéyela , va Bpeite ) cvvaptmon f.
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607. Aiveton cuveyng cvvapmon f:R — R Na Bpeite v mapdyovoa F g f oto
R ,yta tnv omoia 1oybovv:
e F(0)=1 xa

. 20(x)= (x+1)

F(x) ,yiakabe xeR.

Opropévo oroxkifpopo.
Ymohoyiopog 0AOKANpORATOV
5 5 7
608. Av .[1 f(x)dx=2, J.Z f(x)dx=3 Kaljl f (X)dx=5,va Bpeite Ta oAokAnpduato:

a) j:f(x)dx B) [ f(x)x v [t 8) [, f(xax

609. No vroloyicete To OAOKANpOUATOL

) J'g(znux+ex)dx B) j ( 2 jdx
° X nu’x
M @ -2 )| Soover o
610. No vroloyicete T0 OAOKAN pOLOTOL :
a) [, @¢-x-1)dx B) [ (" - nu(m)dx
D [[@+Z 3 [0 x
X

2 2_ — + 2_ —
M4 —3X 5dx+J»x33x 3x-9

611. Av ioydet: IM N 2 x2 14

dx = J:ll 2dx, vo. Bpeite o
reR.

Evpeon 0AoKANpONOTOS PHE TAPAYOVTIKY] OLOKATPMOT)

612. No vToAoyicETE TO, TAPUKATO OAOKATPOUOTOL:
o) jEXﬂHXdX B) Iog(x—l)ande y)I:(X2+1)ezde,
3) jlcovx .e7*dx g) jg3xzcuv2xdx oT) J'e x> Inxdx ,

C)I Inde 1) j (2x+ 2) In xdx G)I x?In? xdx
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613. Eoto wo cuvaptnon g pe cvveyn oebtepn mapdywyo oto [0, T].Av g(n) = 1 ko
1oyvEL J.On[g(x)+ g"(X)]n puxdx =3 , va Bpeite v g(0).

614. Av 1 cuvaptnon féxet £ ovveyn oto [0, 1] ko eiven f(0) =1,

f(@)=f'(0)=f'(1) =0va vroloyicete 10 OAOKATpOLQ | = J.:f(x);xf(x) dx
€

Evpeon ohoxkinpopotog pe ™ pé0000 avTIKOTAGTAONS

615. Na DnOXOinSIS TO, TTOPOKATO OAOKATPOLLOTAL

sl z 4
)I ———dx B) L f/;dx Y) Ioz(l—nux) cLVXdx

1+ ZGUVX

3) 7[0 X*-3x)’(2x-3)dx € 12[ (3x+1)" dx ov) [} (2x+1)e o

616. No vroloyicete To TAPAKATO OAOKANPOUOTOL:

1 e¥ 3 X
o) ————dX ) 4dx ) | ———==0dx
Jodex+l P I 0 Jx*+5 ! J.‘J\/x2+16

6 4x+3 3
) dx € X4 — x2dx 61) | X+/x+1dx
5= Y ) [

617. No vroloyicete T0, OAOKANPOUATA:

n? n? e /nx
a \/; ﬁdx GUV\/;dX ———dx
) [0 Vxenu B [, M|, N

X
Oloxkinpopoato pntaAV cvvaptioeny 1= j (( ))
X

618. No vrroAloyicete Ta OAOKANPOUOTA

1X—2 1x* -8
9 L™ A o
619. No vroAoyiceTe To TAPUKATO OAOKATPOUOTOL:
) e Phaoe® P a e
o [ [ e [ e
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620. No vroAoyiceTe To OAMOKANPOUOTAL:

1e¥ -1 |n3e
0 [ oo B, o
In3 e* > NUX
————dx 0 2—— —  dx
" IO e —e* -2 )-[0 MU’ X +cvvx +1

OLOKANPORATO TPLYMOVOUETPLKDV GUVAPTIGEDV

621. No vtoAoyiceTe To OAOKANPOUOTOL

o) Igcovx-nuzxdx B) Igcuv3xdx Y) J.fnuzx-cuv3xdx
% 2 § 3 % 3 5
8) JO @ xdx £) IO eQ X dx oT) IO (e x + @ Xx) dx

622. No vtoAoyiGETE TO TAPUKATO OAOKATPOUOTOL:

o) Enusxdx B) JEGUV3XnuXdX Y) Ifnp3XGuv2de

0) Fcuvsxdx EE nux ———dx oT) J.Emfxm)vsxdx
0 0 GuViX 0

) jfcovzxdx 1) Ian4XdX 0) J.Oinuzxm)v“xdx

623. Mg v Bonbeio tov TOTOV :
e 2nuaouvB =np(o—B)+ nut(c+ )
o 2nponpup =ovv(a—PB)-ocvv(o+p)
. ZGuvaGUVB:GUV(a+B)+GUv(a—B)

VO VTOAOYIGETE TOL OAOKAT PDULOTOL:

o) _[OZHH3X -oLVAXdX B) _[OgnMZX -mu3xdx

Y) IOEWHZXT] pxdx 8) J? GLV2XGLVXAX

624. No vrtoAoyiceTe To OAOKANPOUOTAL:
2 1 21
a) | f———dx B) —dx v | dx
'[E nux j '[

- GLVX 4 NuX 0 GuvX
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OLoKANPpOROTE CVVAPTNGNG TOALATAOD TUTOV

625. No vitoAoyiceTe To, TAPUKATO OAOKATPOUOTOL:

2 43 —2x? +1, x<0
a) J._zf(x)dx,ow f(x):{%x_1 >0

x)dx, av f( x)=|Inx-1

=]
~—'
13 P — T,
—_

dnu°x+1, x<0
2 dx f
Y)I * ( ) {GUVX , x>0

626. No vroloyicete To TAPAKATO OAOKANPOUATO

a) j\/xz —8x +16dx B) .[02|x—14dx ) j13|x2 —4|dx

OLoxkMpopa avticTpoens

1
627. Aiveton n ovvaptmon f(x) = . x>1.
nx
o) Na deitete ot opiCetann 1 xan vo mv Ppeite .

2 11
B) No vroloyicete T0 OLOKA PO | = Ie Iidx + _[12 exdx.
¢ Inx

628. Aivetou 1 cuvaptnon f(X)=Inx—x—-e*,x>1.
o) Na deitete ot opiletoun ko vo Ppeite To medio opiopon g .

f(e)
B) No vroloyicete T0 OLOKANPOLLOL | = I f (:) f(x)dx .

629. Eoto f(X)=e"+2x-5XxeR.
o) Na dciete 6tL n T aviiotpéeeton

e-3
B) No. vmoloyicete to oAoxkAnpopa : | = J f’l(X)dX.

-4

630. Aiveron n cuvaptnon f(x)=x"+2x-3, xeR’

o) No anodeifete 0tin f avriotpépetan

B) Na vroAoyicete 10 ohokApopa I = J.i f=(x)dx.
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631. Alveton cuvaptnon f yvnoimg av&ovoa oto [1,10] tng omoiag n ypaeiky
napdotaon OEpyetor and to onueio A(1,8) ko B(10,13). Na deitete ot
10

I f(x)dx+1ff’1(x)dx=122.

1

To opropévo 0AoKAMPONE ©OG 0.pLON6S
632. Aiveton cvveyng cvvaptnon f:R — (0, +oo) , YloL TNV ool IGYVEL:

j: f (X)(.[: f (X)dx) dx = ZJ: f (x)dx +3. Na vrooyicete 10 ohokAipmpa

=] f(x)dx.

633. Na Bpeite ovveyn ovvaptnon f:R — R, yia v onoia oydet:

j:el‘xf(x)dx= f(x)+e*, xeR.

634. Na Bpeite ovveyn ovvapmon f R — R, yio v onoia woydet:

[ Enpxd (x)dx = f (x)+ovvx, xeR.

Evpeon cuvaptnong —Gkpmv 0AOKANPpORATOS

635. ) 'Eote f : [a,p]—> R wa cvvexfic suvaptnon ywo v omoio o0l
jﬁ £2(x)dx=0 Na deicete 611 f(x)=0,x e [a,B] .
B) Eoto g :R—>R o ocvveyng cvvapmon pe g(X) #0,xe R .Av
If 9% (x)dx=0,va deifete dTLoL =P .

636. Eoto f :R—>R wo topaywyiown cvvaptmon pe cuveyn mapaymyo .Av
f(0)=1 ka j:( £1(x))?dx + j: £2(x)dx = f2(1) —1,va Seicete ot F (X) =€ .

637.Eoto f :R—>R pio cuvaptnon n onoia gival cuveyng Kot IKOVOTOLEL TIg
oY€0ELS
. f (X) >3x%, yia ké0e XeR.

Inm f (X)dx =nplo—o’

Na Bpeite 10 0.
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YovapTNOEKT 6Y£6T KOl OAOKApONT,
638. Av n ovvaptnon f elvan cuveyng oto R ko woydet:

a) Ff(X)+fL-X)= 2,xeR , vo vToloyicete T0 OAOKANPOUA. I: f (x)dx

B) f(x-D)+ f(2—x)=2,xeR, va vroroyicete T0 OAOKANpOLLOL : j: f (x)dx

639. Aivetar cuvaptnon f meptrth ko cuveyng 610 S1G.oTNHHA [—OL, oc] ,o0>0.Na

amodeiEete Ot

a) J._O; f (X)dX =0 B) 114533 w821y = 0

—145

640. Aiveton cuvaptnon f dptio Kot cuveyng oTo doTNUa [—oc, oc] , 0>0.Na

amodeitete OtU

®) J‘i f(x)dx = 2.[: f(x)dx B) Eg X°cuvxdx = 2,[05 x®covxdx

641. Aiveton cuvaptnon f cuveync oto [OL, [3] , Yl TNV o7oio, 1oyVEL:

f(x)+f(a+B-x)=c, ceR, xe[o,B]. Na anodeitere otu:

I 0oL 1 @)+ (3)]25 % 1 452p-a)

642. Aivovtot o1 cuveyeic cuvaptioeg f,9: [0, 2] — R, yuo 11¢ omoieg oyvet:

f(x)+ f(2-x)=9(x)+9(2—x) yua ke x[0,2]. Na anodeifete otu:
2 2
IO f(x)dx = IO g(x)dx.
643. Atveton cuvaptnon f ouveync oto R yia v onoia 1oydet 6t
3f (1-x)+ f (x+1)=2x" =X yo k60 xeR.
, , 1 3
a) Na omodeifete 0T 9I_l f (x)dx +3L f (x)dx=10.
B) Na Bpeite tn cvuvaptnon f.
Avie0TNTEG

644. Aiveton n ovvapmon f(X)=xInx—x+1.
a) No Bpeite o cOVOLO TIUAOV TNG
B) Na Seitete Tt jlz xdx > e —1
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645. a) No amodeifete 6t X° INX+2> X yio kd0e X >1.

B) Na amodeiete Ot J: x? Inxdx > 2.

646. Not deicere om: 12< [ X +9 dx <20 .

647.'Eoto T : [1,3] >R i cvveyng ocvuvaptmon pe eAdyiotn tiun 1o 2 Kot PEYIeT
T 10 4. No dgiete 611 :2 < Jf f(x) dX-f%dx <8.
X

648. Eoto f: [0,2] >R wia cvveyng ocvuvaptnon pe eAdyiotn tiun 1o -2 Kot LYot
T o 1. Av J.OZ f (x)dx =0 Na dei&ete 011 :

) jj £2(x)dx < 4 B) —4sjozxf (x)dx <2
649. Aiveton cuvaptnon f mapoywyicun Kot Koikn oto [oc, B] . No amodei&ete 011

a) f (B)(X—OL)+ f (oc)(B—X)S f (X)(B—oc) Yo KGOg XE[OL,B]

B) 2jff(x)dxz[f([3)+f(a)](ﬁ—a)

650. 'Eotm cuvaptnon f ocuveyng kot yvnoiog avéovoa 610 [a, [3] . No amodei&ete ot

(B-o) f (o)< [ f(x)dx.

651. Atvetan Tapoywyioyn covapmon f:[o,p]— R pe f'(x)>0 yo kébe

a+p

x € (a,B). Na anodeifere 611 J'B f (x)dx ZIT f(x)dx.

Evpeon covaptinong —akpmv 0LoKANpONOTOG

652. Na Bpeite Tov tOm0 NG GLVEXOVG ovvaptnong f (R —>R

o) F(x)=e*+ [ xF (x) dx B) f(x)=x—[ e*f (x) dx

7 ) =e ~ [ e (x) dx
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YUVOVUGTIKEG

653. Eoto f: [0,1] >R o cvveyng cvvaptmon ,ywa v omoia woyvet
eLf(x)dx = .[:( f(x) +3x° )dx . Na vmoAoyicete o j: f (x)dx

654. Aiveton cuvapton f topaywyioyn oto R pe f(X) >0 kot ioydet
Inf(x)+e'™ =2x,xeR a) No peremioete v f wg mpog Tnv povotovia,
B) Na deifete 0t 1 f avtioTpépeta.
v) Na Moete tig e€icmnoeig T (X) = 1 ko f(X) = e.

el

) No vroroyicete 1o | = '[le f 7 (x)dx + IS St (x)dx.
2

655. Aiveton 1 cuvaptnon f (X) = In(x+ VX +1) .

o) No anodeifete 0tL 1 T eivan meprren.
B) Na Bpeite qv f'.
1

X3 +1

dx .

v) No vroloyicete 10 ohokAnpopo 1= J.Ol

Eppadd
Yroroyiopog Epfadod yopiov peradv Crxon 'y

656. No voAoyicete to eufadov Tov Ympiov ToL TEPIKAEIETAL OO TN YPOPIKN
TOPAGTACT] TNG GLVAPTNONG:
o) f(x)=x>-x, tov dEova X'X Kot Tig gvleieg X =—2 kot X=2.

B) f(x)=x"-8x+12,10v&Eova Yy karmv evbeio X =4.
v f (X) =x2 —2«/§X KoL tov GEovar X'X .
d) f(x)=

XMNUX , Toug AEoVeG Kot Ty evbelo X = 2m.
657. No vrohoyicete to eufaddv Tov yopiov mov mepikieietat omd Tov a&ova X'X ,
YPOPIKN TOPACTAGT TNG CLVAPTNONG:

a) f(x)=e*—x-1 konv x=1 B) f(X)=x*—Xx kumyv x=-1

a+/nx ,0<x<1

1++4x-1 ,x>1

658. Alveton n ouveyng ovvaptnon  f(X) ={

a) No Ppeite 10 a.
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B) Na Bpeite to guPfadov tov ympiov mov mepikieietal and ™ Cr, Tov dEova XX

1
Ko Tig evbeieg X = > X=2.

Ynroroyiopog Epfadod yopiov peralv Cr ko Cgy

659. No vroAoyicete T0 eufadov Tov Y®PIovL TOL TEPIKAEIETAL OO TIG YPOPIKES
TOPACTAGELS TOV GLVOPTCEWV:

o) f(x)=xoovx, g(x)=nux ka tig cvbeieg Xx=0 Ko X:g
B) f(x)=Inx—-1, g(x)=2x+1rar 1igcvbeieg x =1 ka1 x=e.
7 f(x)= (x2+1)lnx g(x)=x>—x*+x-1 kar v gvbeio Xx=2.
d) f(x)=e

g) f(x)=x

e*—2x-2, g(x)=x"—€* xoutg evbeieg X =-1 kon x=1.

x* +2e7*, g(X)=2-2npx ko tig evdeieg X =0 Kon X = 7.

660. Atvovtat ot cvvaptioslg f, g dbo popéc mapaymyiciuec oto R yia Tig omoieg
wyoe: f"(x)=g"(x)+e*, £'(0)=g'(0)+1 kor f(0)=g(0).Na
vroloyicete to euBadov Tov ywpiov mov mepucheieton and tig C, , C,; xkoar mv

gvbeio x=1.
Ynroloywopoc Eppadod yopiov perag&d Cr,Cqy kan Cp

661. No Ppeite t0 euPfaddv Tov y®PIov TOL TEPIKAEIETAL OO TIC YPOPIKEG
TOPACTAGEL TMV GLUVOPTNCEDV:

a) f (x)=§,g(x)= X ko v gvbeia &:y = 2,
B) f (x) = exg(x)=f (x)=¢€*,9(x) =§ Kot v gvleio €1 y = 2.

662. No voAoyicete to eUfadov Tov Y®Piov TOL TEPIKAEIETAL OO TN YPOPIKT
nopdotact g ovvaptnong f (X) =—Inx, tov d€ova y'y ka1 tic evbeieg y =1
ko y=-1.

663. Atveton n cuvaptmon f(X) = nux.
a) No Ppeite v epomtopevn € g Croto X, =7 .
B) No Bpeite to epuPadov tov yopiov mov nepikieietor amd ™ Cr, TNV € Kot TV
a&ova y'y.
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Eppaoov avrictpoonc-Ilapaperpor

X +x-1, xeR.

664. Atveton n cuvapon f(x)=
o) No anodeilete 61 1 f aviiotpépetar.

B) No vroloyicete 10 eufaddv Tov yopiov mov mePIKAEiETOL QO TIG YPAPIKES
I 4 -1 r
TopacTaoels Tov cvvaptoeov f ot 7 kot tig gvbeieg x =—-1 ko x =1.

665. Atveton n cuvaptnon f(x)=x>—3x*+3x, xeR.

o) Na amodei&ete 6tin f avrictpéperar.
B) Noa Bpeite ta xowvd onpeio g C; pe ™ dtyoTtOUO TG TPATNG YOVINS TMV
a&ovav.
v) No vroroyicete 10 euPaddv TOL YOPIOL TOV TEPIKAEIETAL OO TIG YPOUPIKEG
TOpACTAGELS TV cvvaptioeay frar .
x 1
666. Aiveton ouveyng oto R ocvvapmon fpue f(x)=| ———dt.
1S pmon fue f(x) fosz(t)H
o) Noamodeitete om f°(x)+ f(X)=x, xeR.
B) Na omodeiete 6t f avriotpéperar kot va Ppeite v .
v) Na vroroyicete o epfaddv Tov ympiov mov nepikAeieton amd ™ C, , Tovg

akoveg 'y, Y'Y KotV gubeia X=2.

667. Av 10 Yopio OV TEPIKAEIETAL OO TN YPOPIKT TAPAGTAUCT) TNG GVVAPTNGNC
f (X) =X’ , tov 4fovo Y'Y kon v svbsioy =4 , yopiletot omd v gvbeio

2 / ) , ’ ,
y=0a",a>0 og 600 yopia 1codbvoua, vo fpeite TV TIUR TOL .

668. a) Na vroloyicete To gufadov ToL YOPIOL TOL TEPIKAEIETOL OO T YPOPIKY
nopdotact e ovvaptnong f (X) =4x— X’k 00 GEova .
B) Na PBpeite evbeio mov diépyetor amd v apyf Tov aEOvov Kot opilel 610

E_1L

TPONYOOUEVO Y®Pio dVO GALL ywpia pe AOYO eppaddv E "3
2
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Erovoinntikd 0épata
ZovapTioELg

669.Ecto n cuvapmon f(x)=Inx+x, x>0.

a) Na anodei&ete 011 1 T eivar yvnoing avéovoa.
B) Na amodeitete 6m n f avriotpépetar ko va Bpeite Ta. kowvd onueia Tov
YpouPIK®V Tapactdcemy tov f o f.

, . . ;o a
v) Na dei€ete 0T yio kéfe O <o <3 woyvet 01t In=<B—a..

8) No Moete Ty e&iowon In(Inx +x)+Inx=1-x.

670.Aiveton ovvaptnon f opiopévn oo R, pe 6dvolo Tipndv 10 (—1, +OO) YL TV
omoia wyvet ot F2 () +f (X)=€* -2 yia k6be xeR.
a) No ogi&ete 6T T eivan yvnoimg avéovoa.
B) Na Bpeite 11 pilec kou o Tpdonuo g f.
v) Na dei&ete 6t 1 T aviiotpépeton kot va. Ppeite v avtictpoen .
) Na Moete T e&icwon 2 (f (X)) +f (f (X)) +1=0.

671 Ecto cuvapmon f opiopévn 610 R yig v omoia wydet 6t (X)ef(x) =X
v kéBe X =>0.

o) Na éi&ete 0T T givar yvnoiog adéovoa oto [O, +oo) .

B) Na amodeitete 6t f avriotpépetar ko vo Bpeite TV aviicTpoen Tng.

7) Eoto cuvapmon g opiopévn oto R o my onola wyder 6t g(x) > f(x)
v k60e X € R . No dsifete 611 g(g(x)) >f (f (X)) v k60 X R |

8) Na Mboete oto (0,+0) v avicwon: f (X2 ) +f (X"’) >f (X) +f (X3) .

672.Aivovtal ol avtiotpéyipeg oto R cuvaptioelg f,g pe cuvoro tindv 1o R, yio tig

omoieg 1oyl OTL: f‘l(g(x)+2)+x=4 Kat g’1(8—2x—f(4—x))—X=0 Yo
Kkée xeR.
o) Na anodeitete on f(X)=x+1 kon g(X)=3-x, XeR.

"Eotm 1 cuvaptnon h(X) = —(f . g)(X) X1,

B) Na amodeitete 6t h aviiotpépeton kot va, fpeite T avticTpoer| .

v) Na Bpeite o axpdTata g h.

8) Na Bpeite T1¢ TIpéG TOL X Y100 TIG OMOiES N YpaPIKN mapdotacn g h Bpioketat
Tave amd ™ Ypaeikn napdoetacn g f.
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673Eoto n ouvapon f(x)= k—)(z, X#2, L eR" yo. v omoio 16y0et OTL:
X —

(fof)(x)=xy kibe X #2.

o) No. d¢eiete 6Tt A =2,
B) Na deitete 611 1 T aviiotpépetal kot 6T cvvéyelo va amodeilete 0Tt
f(x)=f"(x) yia kébe X #2.

—X

2 +1
-2

v) No Moete my e&iowon: f(f(x+1))+f(x+1)=x+ =

8) Aivetan cvvaptnon g opiopévn oto R pe 6vvoro Tiudv 1o (2,+00) Yo Ty
omoio wydet 6t f (g(x)) +0 (X) =€* yio. k40e X >2. Na deiéete 011

i. M gavtotpépetat.
ii. g7 (x)=2Inx—In(x-2)

674.Atveton cuvaptnon f opiopévn oo R y100 tv omoia ioydel 611
'™ 4 f (X) =X+1 yakébe X e R,

o) No dciCete 6T  eivan yvnoimg avéovoa.
B) Na Bpeite 1 pilec kou to Tpdonuo g f.
v) Av n f éyet ovvoro Tudv to R, va deikete ot f avriotpépetan ko va Ppeite
™V ovIioTpoen Te.
0) Na Bpeite cuvaptnon g opiouévn 6to (O, +oo) Yl TNV OTtoiol 1YVEL OTL

ef(g(ex)) +f (g(ex )) =X+1 yiokébe Xe R,

675.Atvovtar o1 cuvaptioeig f(X)=x* —2x+ 9k g(X)=vx-8.
a) No Bpeite ) cvuvaptnon gof .
B) No kéavete ™ ypagwy napdotaon mg h(x)=(gof)(x).
) Na Bpeite 1o medio opiopov mg cuvépmong @(x)=h(x)-1.
8) Av F(x+2)=f(x), va Bpeite m cvvapmon F.

€) Na Bpeite cuvaptnon t opiopévn oto R yia tnv omoia 1oyvet 611 g (t(x)) =X.

676.Aiveton cuvaptnon f yvnoiog povotovn oto R g omoiag n ypagikn mapdotoon
Siépyeton amd to onpeion A(—1,2) wo B(2,-1).
o) No éciEete 6T n T eivon yvnoimg ebivovoa.
B) No dei€ete 6Tin fof givon yvnoiong avéovoa.
v) Na dei&ete 6t 1 T aviiotpépeTon kot vo AVGETE TV ovicwon

f(f‘l(x3)—3)<2.
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8) 'Eoto ot 1 f eivan meprren. Na dei€ete ot
i. H C; dipyetan omd to onueio I'(1,-2).

ii. £(0)=0. iii.fx(—x)1<0 v k60 X = 0.
e —_

677.Aiveton cuvaptnon f opiopuévn oo R pe odvoro tiudv 1o R yia tnv onoia
oyoet ot e 4 f (x)+x=0 ykibe XeR.
o) Na ociete 6T T eivar yvnoiog pbivovoa.
B) Na deitete 6t n f ovriotpépeton kot va omodsifete 6t (X) =—-e" —X.
Y) No anodeifete 6t C; diépyeton amd ta onpeion A(-1,0) ko B(-e—11).

&) Na Moete v e€icwon f (In X —e" —1) =X.
B a
—e

<1.

€) Na deilete 01 Y10 k0B o <3 elvon
(x J—

678.Atvovtot ot cuvaptioelg f: R - R yia v omoio wydet ot f (f (X)) =4x-3
v ke XeR.
o) No eitete on f(1)=1.
B) Av n f éxel odvodro Tipndv o R, va deilete 6 f avtiotpépetan ko va
exppéoete v f ' cvvaptioel m f.
) Av yvopitete 6t f(X)=ax+B, o,pe R, va Bpeite ta o,p.
6) 'Eoto ovvaptnon g opiopévn oto R yio v omoia ioydet 6t
(fofog)(x)=4e*+4x -7 yoxébe XeR.
i. Nadeigete ont g(x)=e*+x-1, xeR.
ii. No Bpeite t1g pieg kot to TPdOoNUO TG J.

679.Atveton cuvapmon f: R — (0,+%) yio v omoia wydet otu: f (X)+ Inf (x) =x

v k@Oe XeR.
o) Na anodeifete dTun cuvéptnon g(x)=X+Inx eivor yvnoiog avéovsa oto

(0, +oo) .
B) Na amodeitete 6t T eivon yvnoimg avéovoa.
Y) Na eicete on f (1) =1.
8) Noa deitete 6T T aviiotpépeton kat va Bpeite Ty avtictpoen .
£) Na Moete v avicwon f (f (3X + X3)) +Inf (f (3x + X3)) <1.

680.Aivetar cuvaptnon f opiopévn 6o R pe obvoro tipdv to R yio tnv omoia
wyver 6t F2(X)+f(X)=2x yoxabe xeR.

’ r . 7 -1
o) Na anodeiéete 6T n f avtiotpépetan kon va Ppeite tqv .
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B) Na amodeitete ot1 M ypopikn mapdotoor g f diépyetal omd ta onueio
0(0,0) kar A(L1).

v) No AMcete v e&icwon f (f - (eX ) —1) =0.

8) Na Bpeite ta Staompata ota omoia 1 ypaeikn topdotacn g F Bpicketon
néve and ) ypaeikh mapdotacn m .

€) Av uapyet avtiotpéyiun oto R cuvdptnon g ya tnv omoio 16yveL OTL
(fe0)(x)=(g°f)(X) yia ki0e x e R, va Seierte Otu:

(g7 F)(x)=(F-97)(x).

681.Aivetat cuvaptnon f: R — R yio v omoia 10y0et o1L: |f (x)—f (y)| <|x-y| na
KkéOe X, yeR.
) Na amodeifete d1in svvaptnon g(x)=F(x)+x eivor yvnoiog av&ovoa.
B) Na dciéete 6Tim gog elvar yynoimg avEovoa.

v) No Moete v avicwon f (X2 ) —f(x)<x-x2.

0) No Avoete v e&icmon ¢ (g (4" + x)) - g(f (18) +18) =0.

682/Eoto cuvapmon f:R - R yia v onola woyve ot f(x+y)=F(x)+f(y)
o kife X,y eR.
) Na amodeifete on f(0)=0.
B) n f eivar Teprr.
Y) Av f (X) >0 yo ke X <0 ,va deikete 0T f givar yvnoimg bivovoa 1o R .

8) Av 1 e&icwon f (X) =0 é&ye povadiky pita, va Aoete v eicmwon:
f (x +1+e )+f (x3 —1) =f(x+1)

683.Aiveton mepirt| Kot yvnoing povotovn cuvapmon F:R >R pe f (A) =R, mc¢
omoiag N YPOQIKN TapAcTUoT) S1EPYETAL 0TO TO ONUEID A(2,—2) .
a) No ogi&ete 6T T eivon yvnoimg ebivovsa.
B) Na deitete 6tin cvvépmon g(x)=(fof o f)(x)+f(x) eivon yvnoiog

@Bivovaca.
v) Na dei&ete 611 01 cuvapticelg f,g aviietpépovtal Kat 1oyvet:

f(x)= g’l(f (f(x))+ x).

8) Na Moete v avicoon f (f (f (—2))) +f(-2)<g (g (x)- 6) .
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684.Aiveton avriotpéyiun cvvapmon R >R vig my onoia woybdet 6T
f(f(x)+y)=x+f(y) v KGbe X, yeR.
o) No deiete 6m f(0)=0.
B) No Seitete ot £ (x) = (X) yia kébe xeR.
v) Na Moete v eéiocoon f (f (x)+e* ) =x+f(e—Inx).

d) Av n f eivan yvnoiog avéovea va Seitete ot f(x)=X.

685.Aiveton suvapmon f:R — R yio my onola woyver 6w f(xy)=f(x)+f(y) yu
KkéOe X,y >0.
o) Na amodeitete on f(1)=0.

B) f(%j:—f(x), x>0.

y)f(ijzf(x)—f(y)

y

2

, 3 . o 1 3
Eoto 611 emurdéov yia v f ioyder 611 f(X) +f| = [==InX 10 xa0s
X

x>0.
d) Na deitete o f(x)=Inx.

€) Na opicete ) cvvaptmon fof .

686.Aivetar cuvaptnon iR — (0, +OO) Yo TV OToin 1oYVEL OTL
f(x+y)=f(x)f(y) niaxabe x,yeR.
o) Na amodeifete on f(0)=1.
1
f(—x)=——, R.
B) ( ) f(X) Xe
f(x)
7 f(x-y)=—"—.
"Eoto 6T emumAéov yia Ty T ieyder 611 f(ZX) +e* =2ef (X) T ka0
xeR.
8) Na deitete om f(x)=¢e".

3 2 4
£) Na Moete v avicoon € +e* >e* +e* .

687.Aivovtai ot cuvaptmoelg F,0: R — R yuo tig onoieg woydet 611
f(x)+f(2x-1)=2g(x) ywr kébe XeR .
o) No omodei&ete 0TL 01 Ypaikég mapactaoels tov f,g éxovv tovAdyiotov va
KOO onueio.
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"Ecto 611 710 ) cvvaptnon f emmhéov woyvsn: 2f (X) +f (—X) =x}+X 1
kG0e Xe R.

B) Na deitete omt f(x)=x+x won g(x) :%Xa —6x? +§X -1, xeR.

v) Na dei&ete 611 1 T elvan yvnoing avovoa.

8) Na Moete v e&icmon (X3 + X)3 +x°+x-10=0.

g) Av h®(x)—e™ =e* —h(x) yw ke X R, va Seilete 6Tt h(x)=e€*.

688.Aiveton cuvaptnon f yynoimg adéovoa oto R yia v onoia 1oyvet OTL:

f(%(x)jzx v kGO XeR .

a) No arodei&ete 0L dev vdpyet X, € R tétot0, dote f (XO) > X,

B) No amodeitete ot f(x)=x .
) Eoto g(x)=x— 2Jx +1. N Bpeite Tic TIéS Tov X Y10, TIC 0moieg

(9°9)(x)=f(x).
8) No d¢itete 011 fog=gof yua kabe Xx=0.
‘Opur-cuvvéyela
689.Atveton n ouvéptnon f(X)=X+nux—ocvvx, xeR.

, L X .. ©GLVX
0) No amodeiete 6Tt lim M im =0

X400 X X0 X

B) Na vroloyicete Ta Opta:
- o 1 L 1
lim f . limin—— . lim f —
i. lim f(x) ii. limin iii. lim (x)nuf(x)

X—>+0 x—+o  f (X) X—>+00

v) Na amodei&ete 6 n f eivar yvnoing avéovoa 6to {O, g} .

, . . . L . ,
0) No amodei&ete 6Tt VIAPYEL HOVASIKO X, € (0, E) TETOL0, MOTE
X, +MUX, =OLVX, .

690.Ectw cuvaptnon f ue sovoro tiudv 1o R ,yo tnv onoia 1oydet 611
e 4 f (X)=x Y kabe xR

o) Na anodei&ete ot f givon yvnoing avéovoa.
B) Na amodeitete 6Tun f avrictpéoetar kot va amodeilete 6t (X)) =" +X .

v) Na amodei&ete 6t ypaikn mapaotoon g f Bpicketon kdtw amd ™
ypauc mapdotoon g .
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0) Na vroAoyicete o Opla:

i. lim f*l(\/m—x)

i lim [ In(f(x)-x)-In(2* +5")]

X—>+00
, e P(X) , .
€) No voAoyicete to O6pto lim 5> av eivaryvooto om limf (X) =0.
X—1 X—e (X) X—1

691.Aivetanr ovvaptnon f cuveync oto R yio v omoia woyvel 6Tt
£ (x)+f(x)=x>+2x-2 y k40e X € R . Na anodeitere otu:
a) H f ovtiotpépetar.
B) H e&iowon vrapyer povadikog p e (0,1) térowog, dote f(p)=0.
v) Na Bpeite to. Stootiuata ota omoio 1 ypoagikn mopdotacn g f Bpioketon
Téve amd ™ ypaeikn mopdotacn me F .
8) Na amodeitere 611 vapyet povadiké & e (0,1) téroto, Gote

2f (£)=f (107 ) +f (10-10” ) .
lim [(F)] +[f(3)] .
R -[F(4)]

61) Na anodeifete 0T T £xel ovvoro Tipmv 0 R.

€) No voloyioete 10 6plo:

692.Atvetar 1) suvapmon f(X)=vx*+1-x, xeR.
o) Na dei&ete 0L 1 T eivar yvnoiong ebivovsa.
B) Na Bpeite o ovvoro Tudv g f.

2
v) No anodei&ete 011 1 e€icwon \/(\/XZ +1—X) +1-UX*+1+x= \/1_0—3 éxet

povaodkn pilo.
8) No deitete otLvmapyet X, €(1,2) téroro, dote f(X,)=x; - 2.

693.Atvetar cuvépmon f:(0,+00) > R pe mv womra f(x)—f(y)=f (3} , Yo

Kabe X,y >0.Eoto 6t e&icwon F(X) =0 éyxer povadkn pila.
a) No arodei&ete 6T 1 f avtioTtpépeTat.

= (x)
()

3
¥) No Moete v e&icoon f (e‘x ) +f(2)=f [wj +f(3).

B) No amodeitete 6t (K — k) = vy Kabe K,AeR.

3
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8) 'Eoto 011 emmléov yio T cvuvaptnon T ioydel n oxéon
f(x)+Iny=f(y)+Inx yia xabex,y>0.
i. No amodeitete ot f(X)=Inx.
ii. No vroloyicete ta Opra:
. f(x)+1 .
lim 2(—) kot lim (Zf (x+1)—F (X +x +1))
x>0 f2(x)—Inx+2 X0
694.Atveton 1 ouvéptnon f(x)=e*+x, xeR.
a) No orodei&ete 0t 1 T eivan yvnoing avéovoa.
B) No deitete 0TL vIapyEL povadikog X, € R tétotog dote € =a—X,, o eR .

i/f (x)—e" —\/f (x)—e"
x-1

v) No vroroyicete To Opia:
f(x)—x+2"
i. IimL ii. lim
x>0 f (X) =X + 3" X1

6) No Avoete v avicwon f (X2 —1) +f (X4 —1) >f(x-1)+f (X3 —1) :

695.Atveton suvapmon f:(0,+%0) > R yia v omoia woydet 6Tt
™ +f(x)=xe* +INx+x Y10 k&de X >0.
) Na deitete onun f eivon yvnolog av&ovoa oto (0,+0).

B) Na deitete ot f(x)=Inx +x.

In%
B

v) Na dei&ete 011 <l yokdfe O<a<f.

6) Na Bpeite ta Staotiuata oto omoia 1 ypagikh tapdotoaon g f Bpioketat
Vo amd T ypaikn mapdotacn me .

€) Na deilete 6T vApyEL povadikdg BeTikdg aptOog X, yio Tov omoio 1oyvet
Inx, =a—-X,, aeR.

696.Aivetan 1) cuvapmon f(x)= Ix-1+1.
o) Na anodei&ete 0t 1 T avriotpépetar kot va Ppeite v avtictpopn .
B) No. Bpeite ta kové onusio tov ypapikdv tapactdcemy tov f ko f.
v¥) Ze évo TPOYEIPO GYNIaL VoL GYESIAGETE TIC YPapUKéC Tapactdosls Tov f ko ™.

f(x —?,f x)-1)° -1
8) Na vroroyicete 1o dpto lim () ( ( ) ) :

7t (F(x)-1) -1

&) Na anodeitere 6t n e&icwon (f(X) —1)4 =x>+x-x* = x* &gl TovAGY IGTOV

o pila oo Siompa (0,1).
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697.Aiveton n cuvapmon f(x)=x+1+ Jx.
o) Na anodei&ete 0t 1 T givon yvnoing avéovoa.
B) Na Bpeite o ovvoro Tudv g f.
v) No arodeiete 0t T aviiotpépetan kot va Bpeite v avtiotpoen Tng.

8) Na amodeifete 6ty k6Be 0 <o <P 1oydet: B +1—\/_ <Jo+1-a .
¢£) No vroloyicete to 6pro lim (f (x+1)—f (X)) .

698.Atvetan suvapmon f: R — (0,+0) cvvexfic o0 X, =0 yio v omoia woydet 6Tt

f(x+y)=f(x)f(y) v kabe x,yeR.

) Na Seigete o f(—x XeR.

o 1
f(x)’

B) Na dei&ete 6T f elvan cuveyng oto R .

f XlSZl)

(
f(2) f(2x)
) _

v) Av n f givar 1-1, va Aoete v eicwon

(x

"E6to 671 Y10 Ty T gmurhéov woyver 6t o kafe X,y eR.

f(y)

8) Na deiéere o f(x) =

f(4x)—f (x)
€) Na vmoAoyicete 1o 6po lim —————
i (3x) 4 (2%)

X

699.Aiveton 1 suvépmon f(x)=——.
e +1

o) No anodei&ete 611 1 T eivan yvnoing adEovsa.

B) Na Bpeite T0 GOVOAO TIL®V TNG.

v) Na anmodeitete ot f avriotpépetan ko vo Bpeite v aviioTpoen .

6) Na e€etdoete av vrdpyetl To (f o fl)(%) .

£)'Eoto g( ) —Inx.
i. Na opicete ) ovuvaptmon (f’l ° g)(x) KOl V0L TN LEAETNGETE WG TPOG TN

povotovia.
—Ina Ina

ii. Av 1<a<e-1, va arodeiete Ot > .
—In(a+1) In(a+1)

700.Ecto cuvapton f: R — R yua v omoia 1oyvet 611 le_r)g (2f (x)+f (—x)) =0.
@) No 8cilere om limf (x)=0.
‘Ecto 61 2f (X) +f (—X) =x’+X o k@b xeR.
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B) Nu Seitete ot f(x)=x*+X..
v) Na amodeitete 6t f avriotpépetar Ko va Aoegte v avicmon
f(F7(x))>1.
6) Na amodei&ete 6t e&iowon f (X) =e " yel akpiPdg pio Tpaypatiky pica.
€) Na vtoloyicete Ta OpLaL:
f(x)-1

- 1 .
dim | f — Aim———
| xm{ <X>““f(x)} I

701.Aiveton 1 suvépmon f(x)= oX +12 , oL#E =2,
X —

) Na Bpeite ™ T Tov a € R yio v omola (f of)(X) =X yurkéde x =1.

B) Eoto a=1.
i. Na Bpeite o Swwotipata povotoviag g f.
ii. No Bpeite o ohvoro Tudv g f.
iii. No d¢iete 6T f aviiotpépeton.

iv. Na Mooete v ekicoon (fofof of of )(x)+(f o f)(x)=x+4.

702/Eoto cuvapmon f:R — R ocvveyng oto X, =0, yia tv onoio woyvet otu:
f(x+y)=f(x)+f(y) e xébe x,yeR.
) Na amodeitere on f(0)=0.

B) Na amodeitete 6t f eivon mepirn.
v) Na amodei&ete 611 €lvarl cuveyng oto R.

"Eoto 6TL ) €€icmon f(x) =0 &ye1 povadwki) pica.
8) Na amodei&ete 6tin f eivon 1-1.
g)Av f (1) >0 va anodei&ete 0T 1 T eivan yvnoing adéovca.

61) No Aboete v avicwon f(3x)+f (2-4X)>f(4x)+f (SX) .

703.Atveton n ovvépmon f(x)=Inx+x-1,x>0.

o) No anodeiéete 6t 1 T eivan yvnoing advEovoa.

B) No Adoete Tic avichoelg:
i. f(x)>0
i. Inx+x<e+1
jii. Inf(x)+f(x)>e+1

v) Atvetan cvuvaptnon g (O, +oo) — R y1o v omoia 1oyvel 6Tt
g(x)+e" —1=f(x) 110 kG0e X >0. No deicere 611 g(x)=Inx, x>0

8) No. amodeitete 6t vnapyet p € (1,e) tétoro, dote g(p)=2p—p°.
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704.Atveton n ovvéptnon f(x)= \/x +20x -1+ \/X —2dx-1.
2, 1<x<2

2Jx—1, x>2

B) Na peretnoete v f og mpog ™ povotovia.
v) Na Bpeite 10 ovvoro Tudv g f.

- T(f(x)-2
6) Na vroroyioete 1o 6po lim ———~——
x—2* X—2
€) Na anodeifete oL vmbpyel X, €(2,5) tétouo, dote:
£2(%o)+F2(Xo)+3F (Xo) =X5 +X, .

o) Na anodeitete ot f(x)= {

705.Aiveton cuveyng ovvaptmon f:R - R yio v onoia 1oydet 611
e " "™ = 2x yi0 k60e X € R xonf (0)=0.
o) Na deitete 6m f(x)=1In (\/X2 +1- X), xelR.

B) Na deigete 6T f eivon mepreen.
v) Na anmodeitete 6 n f eivar yvnoimg bivovoa.
8) Na Bpeite 10 sOvoro Tyadv g f.

706.Aiveton ovvaptnon f ouveync oto [1, +oo) Yo TV omoia 1oyvEL OTL

x*f2(x) +1=x%In?*x — 2xf (x) ywo k60e X >0 xou f(e)z%.

) Na 8eigete om f(x)= Inx—l, x>1.
X
B) Na Bpeite oto [1, +00) 10 MA0g TV pidv g ekicwong XInx -1=0.

T) No AMboete v avicwon In(Inx)+e™? <Ii+2, x>1.
nx

8) Na deitete Ot % <%’ ya kade a,peN" pe o <f.

) ) _ xIn*x—xf(x)-2x-1
€) No vrohoyicete o pro lim | ; .
X—e€ nx-—

707.Aiveton 1 cuvépmon f(x)=2"+3"-1 xeR.
o) No omodei&ete 0L 1 T elvan yvnoing avéovoa oto R.
B) Na Adoete Ty e&icwon PR o o

v) Noa Bpeite o ohvoro Tuov g f.
8) No Bpeite to TAnBog v pridv g e&icwong F(X)=a ,a>0.

, , - f(x)
€) No vrohoyiocete 1o 6po lim :
x> (X)) +1
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708.Aiveton cuvaptnon f : R — R yio v onoio oyvet 2 (x)+nu’x = 2xf (x)

Y KGBe XeR |

f(x ( )
o) No anodei&ete ot lim——=

x—0

=1.
B) No vroloyioete o 6pro lim ( ) .
x—0 X —X

v) 'Eoto ot f elvan cuveyigoto R.
i. No omodeitete 0t m cvvapmon h(x)=f(x)—x dwnpei o1adepd
npoonpo oe kabéva amd ta Swuotpote (—o,0) kot (0,+0).

il. Na Bpeite 6Lovg Tovg duvaTOHS TOHTOVG TN .

709.Aiveton ovvaptnon f cuveync kat yynoing edivovca cto (0,1) Yo TNV ool

—f(x)_5=4 Ko
X

2nu(x =1)+10(x ~1)° < (x ~1)f (x) <8x* ~14x +6 1o kabe x € (0,1).

a) No vroroyicete ta Opo Iirgf(x) kar lim f(x).

x—1

wovovv o1 oxéoels: lim
x—0

B) Na Bpeite To cvoro tipdv g cuvépmong h(x)=f(x)-Inx-4, x (0,1).
=" tguver

v) Na anodei&ete 0TL 1| YpOQIKT TOPACGTACT TNG CUVAPTNOTS g( )
v Y =X og éva povo onpeto pe tetunpuévn X, € (0,1) .
8) No. peite to mAjfog tov pidv mg eéicoong xe** =e'™ 610 Siastnua (0,1)
vy kibe LeR .
710/Eoctm cuvaptmon f:R — R, n onoia kavomotel T oyéon
f2(x)+f(x)=(x*—mu’x)* (1) kade X € R . Na anodeifete otu:
o) 0<f(x)< x> —Mu’x Y10 kdOe X € R
B) H cvvaptnon f eivar cvveyng oto 0

v lim (X)=0
x—0 )(2
Hapéymyor

711.Aiveton svvépmon f 890 popés mapayeyiown oto Rue f(x) =0 yu kabe

xeR xar f(0)="f(1).
o) No omodeilete 0T T’ avriotpépertar.
B) H ypagikn napdaotoon g f déyetar axptpag pio optlovrio epamtopévn.

7) H e&icwon f(x)=0 &gt 1o mold 2 piles.
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d) Ynapyer & €(0,1)tétom0, dote f'(&)+(25-1)f(£)=0.

f@j+ £(0,2)+ f (1]
g) Yndpyer X, €[0,1] tétoro, dote f(X,)= ¢/

20X —2nux+p, x<0
712.Aiveton 1 ouvépmon f(x)= 1, x=0 .
onux—px+1, x>0
a) Na Bpeite Tig Tipés Tov napapétpov o, € R yo tig omoieg n T eivan
napayeyiown oto X, =0 pe f'(0)=0.

‘Eoto a=p=1.

B) Na deitete 011 dev epappdleton yio v f 1o Bedpnua Rolle oto [—TE, TE] , OLLOG
vrapyel onpeio mg C; 610 S1AGTNHA CVTO TOV IKOVOTOLEL TO GUUTEPAGLLO, TOV
OewpnuoTog avToL.

7) Na deibete onivmapyer X, € (—m,0) téroto, dote f(x)=0.
0) No Ppeite dSiotua [oc,[?)] c (—n, Tc) 670 0moio va epapudleTal To Bedpnpa
Rolle ywo v f.

€) Na Bpeite 10 ovvoro Tudv g f.
61) No amodeifete 6T vapyEL povadkog X, >0 tétoto, dote NuX, = X, —2017.

Inx
713.Aivetan 1) ouvapnon f (x) =48+ X> 0
0 , x=0
a) Na egetdoete av n ovvdpmon f elvar cuveyng oto onueio xo =0
B) No Bpeite 10 chvoro TiudVY g cuvapmong f
v) i) No anodeifete 611, y100x > 0, 1oydet n icodvvapia f(x) = f(4) & x4 = 4%
ii) Na anodeifete 0t 1 eiowon x* = 4%, X > 0,&xe1 axpidg 800 pileg, Tig
X1 =2 kol x2 =4
6) Na amodeilete 6t vmapyst éva, TovAdyiotov, EE(0,4) Tétot0, DoTE
£(8) < */g i)

714.Aiveton ovvaptnon f 600 popéc ntapaywyioun oto [1, 4] Yl TNV oot 1oyvEL:

N M o | f n(x)| <2 y ke X €[1,4]. No amodeitete otu:
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v) Hf éyel oto didotpa (1, 4) TOVAdYIGTOV 600 Kpicua onueia Kot

TovAdyIoToV pio Thovi BEom onueiov Kapmnc.
3) |f'(4)<2.

715.Aiveton ovveyng cvvaptnon f iR — R, yia v onoia woydet:

fim £ Q=2 _
X—2

5 .

lim -5 kar f(X)=f(x+4) yiaxibe xeR.

a) No anodei&ete 0t 1 f efvan mapaywyioyn oto x, =2.

B) Na Bpeite v e&icwon epoantopévng mg C; oto X, =6.

v) Na Bpeite T T ToL TPUyUATIKOD 0plOov A Y10, TNV OTO1lM 1] EPUTTOUEVT) €
mg C; 010 X, =2 e@anteETAL KOL OTN YPOUPIKT| TAPAGTAGT) TNG GLVAPTNONG
g(x)=x*+2x+2\ .

8) Atveton opBn yovia. XOy ko to gvfdypappo tuipe AB tov omoiov ta dkpa A
kot B ohoBaivouv mave otig mievpég Ox xor Oy avtictorya. Eva dokdapt

glvat TomoBeTnUéEVOG Katd pKog Tov evBuypdppov tuqpatog AB. To kdto
UEPOG ToV doKkaploh olcBaivel Tave otov nudEova Oy pe pOud Im/sec.Tn
XPOVIKT oTLypn t, oL 1 KOpLEY TOL SOKUPLOV ATEXEL AO TNV OPYT| TOV

a&Sévov 3m, va Bpeite o puBud petafoing

i) g o&eiog yoviag 6 mov oynpoatilel To dokdpt pE TOV XX,

ii) TV Tayv T TOL TEPTEL TO TAVO PEPOG TOV SOKAPLOD.
(Atveton 6T1 10 pfKog Tov gvBuypdpoy TEUMpoTog AB glval {60 pe To unKog Tov
evBuypdappov Tpuqpatog A 6mov I',A ta onpeia TOpng TG EQUTTOUEVNG € TOV

TPONYOVUEVOL EPMTALATOG LLE TOVG AEOVEG)
716.Eocto n ouvaptnon  f(X) =4x3 - 2kx +k -1. Na deifete ot :

o) Yrapyet £va tovddyiotov X, € (0,1) tétoto dote f(Xo) = 0.
‘n
B) H e€icowon  f(x) = —X2 éyel po tovAdyotov pila oto (Xo , 2).
X —

7) Av x> 1, tote vmapyer & € (0, Xo) Tétoro dote f'(£)<0 .

8) Na deitete ot vmbpyet v € (0,1) téoto dote f'(yv) =2k +8y

717 Ecto wa ovvaptmon f n onoia ivon cuveync oto [a, B] xou Topoaywyioun 6to
(a, B) pe f(a) = a xar f(B) = B. Na deifete o1
o) vrapyer & € (o, B) térowo wote F'(§) =1.
B) vépyouv &1 &2 € (o, B) Tétow dote 2F'(& )+ f'(E,)=3.

) vIapyEL Xo € (a0, B) T€TO10 Dhote f (X)) = 2a3+ B .
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) av f'(X) #0 ywwkdbe X e(a,p), t0te vVEApYOLY X1,X2 (0, ) TéTOLO
2
PIEST
f'(x) (%)

718 Eoto cuvapton f, napayoyicym oto[-2,2].

) Eoto 611 6xf (X)# (3X2 —12) f'(x), yuo kae x €[-2,2]. No omodeitete otu
i. f(2)f(-2)=0.
ii. H f éye1 pla tovdéyotov pila oto (-2,2).

B) Eoto 611 (3X2 —12) f'(x)—6xf (x)= (3X2 - 7)(3X2 —12)2 Y1 k60e
xe(-2,2) kon f(0)=-48 Na anodeifere otu:
i. f(x)=3x"-33x>+12x* +84x—48, xe[-2,2].
ii. n e&lowon f(Xx)=0 éyet TovAdyotov pia pila oto (-2,2).

719.Atvovtar ot svvaptioels f(X)=e""+x* =3x+1 ko g(X)=Inx—x+1.
o) No pedetnoete g mpog TN povotovia Tig cuvapthoslg f,g.
B) Na Moete ™y eéicoon € —Inx+ x> —2x=0

v) Na anodeiete 611 o1 ypapikég mapactdosig Tov f,g éxovv ko epamtopévn
Tov dEova X X.

8) Na Moete v eéicoon 38" +3x+ x> =3xInx+3x* +4.

720 Eoctm 1 ovveyng cuvapmon f :(0,40) - R, 1 omola yio kée x>0 wcavomotet tig
oy€oelg:

o f(X)#0
, 2X - 2X2
o (X —1)f(X)2T

. (%—1jf(x)—(lnx—x)f'(x)=(x—|nx)-|f (%)
o)Na Ppeite tov TOmO TG GLVAPTNOT .
Aveivar f(x)=e™(Inx—-x),x>0 , x>0, tote:

B) Na vroloyicete 10 6pio: Iirg {( f(X))2 nu% - f(x)

v) Me 1 BonBeia g avicdmrog INX<X—1 , mov 1oydet yio kabe x>0, va
amodei&ete Ot
i) n ovvaptnon f eivar yvnoimg adéovoa.
ii) 1 ovvapmon f eivar koiln oto (0,1).

T ovvéyew va omodeifete otu f(X)+ f(3x)<2f (2x) , yia kabe x €(0,1)
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0) Atveton 0 otafepog TpaypoTkog apuog B e (0,1) . No amodei&ete 0T
vrdpyet povadikos & €(B,2B) tétoto dote: f(B)+ f(3p)=2f (&)

721.Atvetaum ovvépmon f(X)=x"+x+1 xeR.
o) No arodei&ete 6t e&icwon f (X) =0 éyel povadikn pila.
B) Na amodeitete 6T N ypopikn mapdotacn g f téuvel v gubelo y =5x—2
TOVAGYIOTOV GE £val ONUETLD 1E TETUNUEVT X, € (0,1) .

7) No anodeifete 6t n f avriotpépeton kon va Ppeite o nedio opiopod g 1.
d) Avn T sivon mopoyoyiown, va deiéete 6tin svbeia &: Y = 3 X+ 3 eivan

EQOMTOLEVY TG YPaQUKNG Tapdotaong g f ™ oto X =3.
€) YAk6 onpeio M kwveitor exi g € Kot 1) TETUNpéVn Tov avédvetar pe puoud
8cm/sec. No Bpeite:
i. Tnv tayvTa e v onoia amopakphvetal oo TV apyn Tov a&oveov ™
YPOVIKT GTLYUN KOTA TNV omoia diépyetar omd To onueio K (3,1) .

ii. To puOud petafornc tov euPfadod Tov opHoywviov mov oynuotileTon omd o
onueio M, tic Tpoforég Tov onueiov M otovg a&oveg kot TV apyn TV
aEovav, TN ¥PoviKh oTiyp| Kotd tnv onoia 10 M di€pyetan omd to onueio K.

722 Eocto napayoyioyun covaptnon fF:R >R usf'(O) =0, ywo v omoia woyvOLV:
e f(X)+x#0,y10xébe xeR (1)
f(y)+x
o f(x-y) =L X+Y ,yiakdle X,yeR (2)
f(y)+y
a) No arodeilete 611 yuo kdbe X € R 1oy00ovv:
i) f'(x)=Ff(x)+x-1
i) f(x)=e*—x
B) Na Bpeite ™ péyiom Ty Tov o , OOTE Vo 1oYOEL:
f(X)>ox yokébe xeR , 6mov a>-1.

723 Ecto cuvaptnon f opiopévn kat 600 gopég mapaywyiciun oto R, n omoia
wavorotet ™ oxgon: f(X)>0 ywkdbe xeR karn covépmon g : R—>R pe

g(x)=Inf (X) Av o1 payupatikoi apBuoi a, B, v eivar dtadoytkoi dpot
apipunTens mpooddov pe a<P<y koot f(a),f(B),f(y) pe m oepd mov
divovtat givor d1adoytkoi Opot YEMUETPIKNG TPOOAOV, TOTE VO AmodEIEETE OTL:

) vmapyovvX,, X,€R , dote va woyder: f(X,)- F(x,)=1(x,)- f(x,)

B) Yrapyel E€ R, dote va wyoen f(&)-17(&) :(f’(é))2 .
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724."Boto 1 ovvépmon f:R >R pe f(x)=(a+1)" —a*, a>1
a) Na Bpeite to Tpdonpo g cuvdpmong f, yio Tig dtdpopeg TiéG Tov X e R .
B) Na pehemoete ) cvvaptnon f og mpog ™ povotovia kot ta Koiho 6To
Siotnpa [0 ,+00).
v) Na Bpeite TIg aoVUTTMTES TNG YPOPIKNG TOPASTAGNG TG cvvéiptnong f.
8) Na Moete 0 cvotpa 3 —2Y =3¥ -2 =19 .

725."Eoto o svvapton f ovveyng oto dtdompa (0,1] ko mapoayoyioun oto
Stdotnpa (0,1), n omoia wkavomolEl TIG GYECELC:
e f(1)=0 xa

02\/1—X-f’(x)=1+2 1-X 110, KGO Xe(O,l)
X

o) Na armodeiete ont f(x)=Inx— Jl-x,xe (0,1]

B) Na arodei&ete 611 M f avrioTpépetan kat va Ppeite:
i) To medio opiopoy ¢ cvvaptnong f
ii) 70 6pto  lim x*f(x)

v) Noa anodei&ete 6T1 | Ypoeuh mapdotaon Cs tng cvvaptnong f éxet éva
akpBag onpeio Kopmnc M(xo,f(xo)) pe X, €(0,1)
8) Na oyediaoete T1g ypapucég mapaoctdoeig Cr xor C ., tov cvvapticewy f ka

-1 7 7 / ’
™ avrietoiywe oto 610 cuotnuo AEOVaV.

726. Eoto 1 mopayoyioun cuvaptnon f : (0,40) - R , n omoia wavomnotei tig
cyéoes:
° f’(l) =1-a,00>0 kot
X ax
. f[y) f(x) f(y)+ax oy y
) Na amodeitete ot f(x)=Inx—ax,x >0
B) No amodei&ete 0TL 1 epamTopéVN TNG YPOPIKNG Topdctacnc Cs g
cuvaptnong f oto onueio g A(e,f (e)) SLEpyETOL OO TNV Py TOV
aovav.
7) Na Bpeite v ehdyrom T tov o yio v omota woybvet f (X)<1 , yio k6be
X € (0,+x)

1
) Av g(x) = —af(e“") X eR,0>0 va Bpeite ) 1111 TOL 0. OGTE N EAGYIGTN

TN TG g Vo yivetan pHéEyoT.
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In
727 Ectw ot cuvaptioelg f(X)=olnx +x +a kot g(X)= XX 450

o) No anodei&ete 011 1 e€icwon f (X) =0 £yel povadwn mpoyuartikn pila p

B) No amodeitete 6L g(X)> P e kabe x>0
o

v) No anodei&ete 0L ) ypapikn mapdotacn Cq TG cuvaptnong g éxet éva povo
onpeio Kapmng.

0) Na Bpeite o TAnBog tov priodv g eicwong a(xlnx —A) = Ax , Yo TIG
Stapopeg Tpég Tov AeR.

Oloxkinpopata,

728 Ecto f:[0, 1]— R o cuvaptnon dvo @opéc mapaymyicyurn yio v omoia

1GYVOVV:
« £/(0)=F'(1)=0
of (0)=0

@ewpovpe emiong m ovvépmon g(x) =1 (x)—x*+x
a) Av ot gpantdpeves g ypopikhg mapdotacng C, g cuvdpmong g ota
onueta g pe tetunuéveg X, =0 kot X, =1 téuvovian oto onueio pe
1
TETUNLEVN X5 = 2 T6TE VO amodei&eTe OTL:
i) g(1)=0
i) Yrapyer € (0, 1) dote g'(§)+25=1
B) Na anodei&ete ot

i) [ F(xo)dx = (1-x)f"(x)dx

i) Yatpgeix, €[0,1] 1, dote £(x,) =2/ (x)dx

729.0cwpovpe ) cvvipmonf :R — R , n onoia wkavorotel t oyéon:
f(x? +y)+F (F(x)—y) =2f (f(x))+2y* yoké0e x,yeR
Noa arwoodeitete OTL:
o) F2(x)=x", xeR ka f(x)+f(-x)=2x*xeR
B) f(x)=x*xeR

1 f(X) 1

Mgx ==

v I—1eX 1 3
730.Ect 1 ouvapmon f(x)= In(x2 +11)— In(x2 +1), XeR.

o) Na pedetiogte v f o¢ mpog tn povotovia kot To akpdTata.
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B) No amodeitete 6T vrdpyet X, €(—3,3) tétot0, Gote | (%, )| > In—.

] . 13 4y
v) No amodeiéete 611 2 < E.[-se dx <11.
0) No amodei&ete O6t1 0 GEovag XX gtvar acvumtotn g C, .
€) Na amodeilete 6Tim e€icwon f (X) =In (X2 +X+ 4) &yl TovAdyoTov wia pila

oto (-2,1).

ax® +Bx+1
x-1
a) Na Bpeite o o, B doten Cr  va €yl TAAYLO OCOUMTOTY OTO +oo TNV
gvbeia g1y = X.
lNoa=1xom p=-1.
B) Na Bpeite ta Stoompata povotoviag g f, Ta axpdtota Kot ta Stocthpota
nmovn f eivan kvpt M koidn.
¥) No Moete v eéicoon (x> +1)+ f(x* +1)=6
0) Na Bpeite 10 gpPadov Tov ywpiov Q mov nepikieietan amod tn Cr,tnVv € TOV
aéova Y'Yy kot tnv evbeion X =-1.

731.Aiveton 1 ouvaptnon f(X) =

732.Atvetan cvveyng ouvépmon f :[0,1] > R yio v omoia woydeu:
f°(x)+4f(x)=5x yia kafe x €[0,1]. No amodeitere otu:
a) 1 f avtiotpépetar kot va Bpeite mv
B) (O ):OKou f(l):l
7) j (f( (x))dx =1
d) f(Xx)> Xy xé0e xe(0,1)

a)J. (x) dx>—

€
733.Atvetan 1) suvapmon f(x)= o X€ R
X°+
o) No peretioete v f o¢ mpog ) povotovia kat va amodeifete 611 T0 GHVOAO

Tuév g eivar to Sibompa (0,+x)
e2
B) No arodeiete 0TL N e&iowon f (e‘g'X -(x2 +1)) = 5 £€YE1 6TO GUVOAO TV
TPAYUATIKOV aplBudv pia axkptPog pila
4

2
) No anodeifete 61t I: f(t)dt < % , Y10, KGO x>0,
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In
) No vroloyicete 10 Le f(Inx)- —de
X

734 Ectm N mapaywyioun cvovapon f:R—>R yio v omoia ioydouvv:
o f '(X)[ef(x) +e7f(x)] =2 o k40e xR
e £(0)=0
o) Na anodeitete on f(x)= In(x + \/E) xeR

B) i) Na Bpeite ta diactpata oto omoia 1 cuvapton f eivor kopt) 1 Koidn
Ko va Tpocdlopicete To onueio koumng g ypoeikng napdotacng tg f
ii) Na vroloyioete 10 ufadov Tov YmPiov OV TEPIKAEIETOL OO TN YPOPIKN
napdotacn g cuvaptmong f , mv evbeia Yy =X ko1 t1ig gvbeieg x =0 xot
x=1

v) Na vroroyicete o dpro: lim [(e‘f el —1)In| f X ”
x—0"

1- 3j dt 2016- j

0) No anodeiéete 011 M e&icwon 2
X —

=O

éxer pla TovAdyotov pila oto (2, 3)

735.Atveton n ovvépmon f(x)=Inx—Ax—2,A>1,x>0.
o) No. Bpeite v e&iocwon ¢ eQanTopévng ™G YPUPIKng tapdotacng g f oto
onueio A(l, f (1))
B) Na peremioete v T g Tpog T povotovia Kot To akpOTOTO KOl VO,
anodeibete ot f (X) <0 yo ka0e x>0.

7) No omodeiete 6t n f eivon kotkn oto (0,+).

8) Na amodeifete ot f(X)<(1-21)Xx—3 yio k60e X>0.

€)' Eoto E (k)ro eUPadoV Tov y®PIov TOL TEPIKAEIETAL OO TNV YPOPIKN
napbotaon g f, v epoamtopuévn g 610 A Ko TV gubeia X =X .

i) No amodsitete 6t E(L) = %(7& ~1-21In2.)

ii) Na vrodoyicete t0 Jim E(R).

736.Aiveton  ovvaptnon (X)) = x - fnx

20x

o) No peretogte v f o¢ Tpog ) povotovia kat to akpdTata.
B) No Bpeite 10 a ,0ote f(a+1)+ f(e*)=2
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v) Na Bpeite o eufaddv E(A) tov yopiov Q mov mepikieieton peta&v g Cr
, Tov a&ova ¥y kol Tev evbeidv X = 1, x =4, A>0.
&) Noa Bpeite ta 6pia : LirTgE(X) Ko Jim E(A).

737.Atveton 1 ovvapton f(x)=— :
e +2

1
a) Na deicete ot | f'(X)|< 5 v kGOe XeR .

B) Na deifete 6tLyio dhata o, p € R woyder: | T(B) — f(a)|£%|B—oc|

v) Na. Bpeite o eufaddov E(A) tov yopiov Q mov mepikieietor amd v Ct
ToVG GEoveg ¥y, Y'Y kar v evbela =i, A>0.
8) Na Bpeite 1o Jim EQ).

738.Aiveton ovveyng cvvaptnon f: [0, 2] — R yio v omoio 1oy0et 6T
fz(x)+x2 =2X yw Kabe Xe[O,Z] ko f (1)=1.
) Na Moete v ekicoon f(x)=0.
B) Na amodeitete 6tim f dwatnpei ot0bepd Tpdonpo oto (0,2).
v) Na Bpeite v T.
0) Na voioyicete 10 epfadov Tov ympiov oL TEPIKAEIETOL GO TN YPAPIKN
nopdotach g cvvaptnong f, tovg a&oveg x'y, Y'Y kot evbeia x =1.

€) [No kébe X e [0,1] , vo, amodeifete 0t n F aviiotpépeton kot vo, fpeite v

avTioTPOOY| TNG.

xInx,x>0
0 ,x=0
o) Na amodei&ete 6T1 1 cuvdptnon T eivar cuveyng oto 0.

B) Na pehetnoete og mpog T povotovia ) cvvaptnon f kot va Bpeite 1o ohvoro
TILOV TNG.

739.Aiveton 1 ouvapmon f(x)= {

v) Na Bpeite to mAn00¢ Tmv drpopeTikdv Oetikdv piiav g e&icwong X = ex
Y10 OAEG TIG TPOYUATIKES TILES TOV QL.

8) No anodeitete otioyder: f'(x+1)> f(x+1)— f(X) ywkdbe x>0.

€) No vtoroyicete 10 Ufaddv Tov ympiov TOL TEPIKAEIETOL OO TN YPOPIKN
napdotacn g f, Toug aEoveg "y, Y'Y ko v gvbeia X =1.
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740.AtveTon n tapayoyioyn cuvaptnon f R — Rn onoia yio kéOe X € R
IKOVOTIOLEL TG OYECELS
o f(X)£x,

* F()= fgx()x—)x
o [V(f(t)-t)dt=0
o) Na deitete ot f(0)=3 .

B) No amodeilete 6T n cuvépmon g(x)= f?(x)—2xf (x), x e R eivan
otabepn.

7) No amodeitete 6t f(X)=x+x*+9, xeR.

0) No amodei&ete 0TL
) VX2+9- f'(x)— f(x)=0 yia kibe xeR.

ii) Na vroloyicete 10 euPadov 10V YwPiov TOL TEPIKAEIETAL A TN YPAPIKT

1
VX2 +9

napdoTocn g cvvaptnong o(X) = ,TOV GEovaL y'y Kot TIG

gvbeieg x=0 ka1 x=1.
741.Aivovtan ot mapayeyiowyes ovvaptioes f,g : R —R , ot onoieg yio kébe x e R

IKAVOTOL0VV TIC OYECELG:
o f(X)>0 kou g(x)>0

BACEE
9'(x) =

f(x)

9(0)

. L(O)(fz(t)+ g°(t)+e)dt=0

@) No omodeitete ot f(X)=9g(X) yuukabexeR .

B) Av IimL)_1 =g(0) , va anodeifete ot f(x)=e",xeR.

x—0 X

, , _Inf(x)
¥) Na vroloyicete to 6pro: lim .
x—=0" f 1

) Av f(x)-h(x)= (3X2 + ZX)IOZ f (t)h(t)dt —44 va Bpeite Tov TOmO TG

ovveyov cuvaptong h.
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